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HOW UNIVERSAL ARE ASYMPTOTICS OF DISCONNECTION 
TIMES IN DISCRETE CYLINDERS? 

By Alain-Sol Sznitman 
ETH Zurich 

We investigate the disconnection time of a simple random walk 
in a discrete cylinder with a large finite connected base. In a recent 
article of A. Dembo and the author it was found that for large A'' the 
disconnection time of Gjv x Z has rough order |Gjv|^, when Gjv = 
{Ii/NZ)'''. In agreement with a conjecture by I. Benjamini, we show 
here that this behavior has broad generality when the bases of the 
discrete cylinders are large connected graphs of uniformly bounded 
degree. 

0. Introduction. We investigate here a simple random walk on an infinite 
discrete cylinder having its base modeled on a large finite connected graph. 
We are interested in the time the walk takes to disconnect the cylinder, or 
in a more picturesque language, in the problem of a "termite in a wooden 
beam." In a recent work [8], the case when the base is a d-dimensional 
discrete torus of large size N, Gn = {Z/NZ)'^, was studied. Answering a 
question of H. J. Hilhorst, it was shown that for large N the disconnection 
time typically has rough order IGtv^. Moreover, it was also conjectured by 
I. Benjamini that the disconnection time of G x Z behaves as for 
large connected G's of uniformly bounded degree. 

We show in this article that the above asymptotic behavior has broad 
generality and also derive a general asymptotic upper bound on these dis- 
connection times. 

We now describe the set-up before discussing the results any further. We 
consider a finite connected graph with vertex set G and edge set £ made of 
unordered pairs of G. We write deg(G) for the degree of G (i.e., the maximal 
number of neighbors of any vertex in G). We consider the cylinder based on 
G: 

(0.1) E = GxZ, 
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tacitly endowed with its natural product graph structure. We say that a finite 
set 5 C disconnects E, when for large M, G x [M, oo) and G x {—oo,—M] 
are contained in two distinct connected components of E\S. We denote 
with Px, X & E, the canonical law on E^ of the simple random walk on E 
starting at x, and with (X„)„>o the canonical process. We are interested in 
the disconnection time of E: 

(0.2) Tg = inf{n > 0; ^[o,n] disconnects E}. 

The walk on E is irreducible and recurrent, so that for any x £ E, Tq is 
Pj,'-a.s. finite. Further, if Cg stands for the cover time of G by the projection 
of X. on G, that is, the first time the projection of X. has visited all points 
of G, and Cq stands for the cover time of G x {0} by X., it is plain that 

(0.3) Cg <Tg< Cg. 

There are examples of sequences of finite connected graphs Gn of divergent 
degree, giving rise to cover times Cgj^ much larger than IGat^ (e.g., the 
"barbells," cf. Aldous and Fill [2], Chapter 5, Example 11). As a result of 
the left-hand side inequality in (0.3), Tgat is much larger than IGat^ for such 
sequences. With this in mind, we restrict our attention here to cylinders with 
bases that are large graphs of uniformly bounded degree. In this context we 
show in Theorem 1.2 a general upper bound for the disconnection time. 
Namely, given an integer do, and e > 0, one has 

(0.4) hm supP,.[TG>|G|2(log|G|)4+^] = 0. 

G|-»oo,dcg(G)<do xeE 



The above bound exploits the right-hand side inequality in (0.3) and holds 
as well with Cg in place of Tg, when the supremum over E in (0.4) is 
replaced with a supremum over G x {0}. We also derive upper bounds on 
the expectation of Tg of same order; compare (1.32). 

The derivation of a lower bound on Tg of rough order |Gp is substantially 
more delicate. We do not have a lower bound on Tg of comparable gener- 
ality to (0.4). The left-hand inequality in (0.3) is now only helpful in a few 
cases. Indeed, Cg is often much smaller than |Gp (e.g., logCcjv/log IGtvI is 
asymptotically close to 1, when Gn = (Z/A^Z)"^, with d>2, and close to 2 
when d=l. For this and much more detailed results, see [1, 5, 7]). In the 
present work we derive lower bounds on Tg of "rough order |Gp," when 
G is large and contains some suitable pocket of possibly vanishing relative 
volume, inside which we impose additional control. In the pocket we require 
a quantitative transient or recurrent behavior; see Theorems 4.1 and 5.2. 
Our methods leave open the case of a too massively recurrent behavior in 
the pockets; see Theorem 5.2. Otherwise, we also obtain lower bounds on 
Tg of rough order |Gp when the spectral gap Xg [cf. (1.8), (1.9)] is "close" 
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to the extreme possible values compatible with the uniform bound on the 
degree, that is, for Ac of order or IGI"*^-^); see Theorem 4.3. 

To give a more explicit flavor of our results, consider, for instance, an 
infinite connected graph Goo of bounded degree. Denoting with d{-,-) the 
graph distance on Goo (i-e., the minimal number of steps of a nearest- 
neighbor path connecting two points), we assume that for some /? > 2, 
a > (1 + P/2) V (/? — 1), and positive constants Kj, 1 < i < 4, one has the 
sub-Gaussian bounds for the walk Y on Goo: 

for g,g' G Goo and A; > 1, 

(0.5) 

(n) P^^[YkorYk+i = g]>^exp^-K^^ | 

for g,g' G Goo and /c > 1 V d{g,g'). 

These bounds are easily seen to imply (cf. Grigoryan and Teles [10], pages 
503-504) that G oo is a-Ahlfors regular, that is, one has the volume controls 

(0.6) Kir" < |S(5,r)| < K2r" for all r > 1 and c/ G Goo , 

with \B{g,r)\ the cardinality of the open ball in Goo with center g and radius 
r, and where the positive numbers Ki,i = 1,2, can be chosen as function of 
deg(Goo) and Kj, 1 < i < 4. 

Over the recent years an extensive investigation of such heat-kernel bounds 
has been made. Equivalent characterizations in terms of volume growth and 
parabolic Harnack inequality, or mean exit time from balls and Harnack in- 
equality, as well as examples, can be found in Grigoryan and Teles [10, 11], 
Barlow [3], Barlow, Coulhon and Kumagai [4] and the references therein. 
Only values a + l>l3'>2m (0.5) may and do occur (cf. (2.5) of [10] and 
[3]) but we are only concerned here with the case a + 1 > (2 + (3/2) V (3, 
(3 >2 (in particular, this contains the case a> (3 >2, but excludes certain 
instances of /? > a > 1 that yield so-called very strongly recurrent graphs; 
cf . [3] ) . The case (3 = 2 was investigated first (cf . Delmotte [6] ) and includes 
usual examples such as l/, with d = a. The case /? > 2 in (0.5) corresponds 
to so-called anomalous diffusion, where at time T the walk has traveled at 
distances of order T^/'^ <C VT; see [3] for examples related to skeletons of 
fractal sets. We also refer to [11] and [4] for bounds in the context of the 
more general volume doubling assumption. 

As an application of our results, we show in Corollaries 4.5 and 5.3 that 
when Gtv is a sequence of finite connected graphs with cardinality tending to 
infinity and uniformly bounded degree, such that Gn contains an open ball 
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An ("the pocket") isomorphic to some ball in Goo satisfying (0.5) (and even 
less in the transient regime a > (3 >2), so that for some sub-polynomially 
growing sequence (p{n) [i.e., (p{n) = o{n'^), for each e > 0], 

(0.7) \An\v{\Gn\)>\Gn\, 

or more generally, such that for some rj > and ^p{n) as above, 

(0.8) x'JllAMlGNDymmilGNl^x'JllGNl) for large iV, 

then for any 6,e > 0, writing Ei\f = Gn x Z, one has 

(0.9) hm inf P,[\Gn\^^'~^^ < Tg^ < |G^|'(log |G^|)^+"] = 1. 

This result alone covers many examples and vastly generalizes Theorems 
1.1 and 2.1 of [8]. Our methods, however, leave open the case /? > 2, and 
1 < a < 1 + /3/2, corresponding to some instances of so-called very strong 
recurrence of Goo; see [3]. We otherwise have applications beyond the above 
set-up. For instance, we show in Corollary 4.5 that (0.9) holds true when 
Gat is the rooted r-tree of depth N, or also when (cf. Remark 4.4), 

(0.10) AG^ = |G^r« or AG^ = |Gjvr'+°(^). 

We now give some indications on the techniques we employ in this work. 
As already mentioned, lower bounds on the disconnection time cause the 
main difficulty. The strategy in this work differs in several respects from the 
line followed in [8], when G is the d-dimensional torus of size A^. In [8] a 
crucial role was played by the geometric Lemmas 2.4 and 2.5, which show 
that when 5 disconnects E, one can find on a whole range of scales cubes in 
E where S has a trace with cardinality, which is at least that of a fraction of 
a face of the cube. The length scale is then adjusted so that typically up to 
time IGp^^""^^, for any cube of corresponding side-length, few excursions of 
the walk enter the cube, and the walk can hardly leave a trace comparable 
in cardinality to the face of the cube. Implicit to this approach are certain 
isoperimetric controls that need not hold true in our context. To give a feel 
for the issue, observe that in a rooted binary tree of finite depth, unlike 
what happens for discrete tori of dimension d>2, one can find subsets of 
roughly half volume with boundary consisting of a single point (the root). 
Thus, insisting on isoperimetric controls of the type used in [8] rules out 
many interesting examples. 

We follow here a different route. We construct with high probability con- 
nections between top and bottom of the cylinder that avoid the trajectory 
X up to time |Gp^^~'') . We use a localization technique that enables to focus 
on what happens in a sub-cylinder A xTj of E, with A the "pocket," a pos- 
sibly very small subset of G. We analyze excursions of the walk entering a 
suitably small box G, with base sitting well inside the pocket A [cf. (3.11)], 
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which then move at vertical distances of order 2h' from C; see (3.6). We 
show in Proposition 3.2 that typically only finitely many such excursions 
occur up to time The height h' is, on the one hand, chosen big 

enough so that starting from a point with G-projection inside A, at verti- 
cal distance of order h' from C, the walk has a small enough probability 
of entering C before moving at vertical distance 2h' from C. On the other 
hand, h' is chosen sufficiently small so that what happens outside A x "L 
has little influence on what happens inside C. As a by-product, the finitely 
many excursions that typically enter C are also of truly shorter duration 
than the naive excursions employed in Section 1, for which h' is replaced 

— 1/2 

with a height h slightly bigger than ; compare (1-17) and (1.10). This 
makes it easier to control the damage they may cause inside C. 

Rarefaction of excursions to C is the first step in constructing many top- 
to-bottom connections in a sub-box D of C, which avoid the walk up to time 
|(^|2(i-i5)_ second step consists in containing the damage the finitely 
many excursions reaching C may create. We rely here on ensuring suffi- 
ciently many horizontal and vertical connections across certain boxes, and 
a renormalization procedure, which is used when the walk has recurrent be- 
havior in the pocket. In this fashion we construct with high probability very 
connective boxes D that can be piled up to produce top-to-bottom connec- 
tions in the cylinder E] see Proposition 2.6. As already hinted at, handling 
recurrent pockets in G is more delicate than dealing with transient pockets, 
and leads us to require additional control; see (5.2) and (5.3). 

We now describe the organization of the article. 

In Section 1 we introduce additional notation and mainly derive the gen- 
eral upper bound (0.4) on Tq in Theorem 1.2. The essential point is to bound 
the cover time of G x {0} from above. 

In Section 2 we develop auxiliary results that are preparatory for the 
lower bound on Tq- These results pertain to the localization technique (cf. 
Proposition 2.3) to the construction of connective blocks [cf. (2.43) and 
Proposition 2.6] and to the treatment of graphs with low lying spectral gap, 
see Proposition 2.1. 

In Section 3 we develop the localization technique and show in Proposition 
3.2 that few excursions of the walk meet the box C by time 

In Section 4 we derive a lower bound on Tq in the case of a transient 
pocket (cf. Theorem 4.1), or when the spectral gap is close to its extreme 
values; see Theorem 4.3. Applications are given in Corollaries 4.5, 4.6 and 
Remark 4.7. 

In Section 5 we obtain a lower bound on Tq that applies to cases of 
recurrent behavior in the pocket; see Theorem 5.2. Applications are then 
given in Corollary 5.3 and Remark 5.5. 
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1. The upper bound. The main object of this section is to prove a general 
asymptotic upper bound on the disconnection time of discrete cylinders 
based on large finite connected graphs of uniformly bounded degree. The 
principal result appears in Theorem 1.2, where, in particular, (0.4) is derived. 
The proof exploits the right-hand side inequality of (0.3) and mainly focuses 
on bounding the cover time Cg of G x {0} from above. We first introduce 
additional notation, and recall some classical facts. 

For u a nonnegative real number, we let [v\ stand for the integer part of 
u. For V, w real numbers, we write v f\w and vV w for the minimum and the 
maximum of v and w. Given a finite set we denote with l^j its cardinality. 
When F is a graph and distinct vertices of F, we write x ~ x', if x 

and x' are neighbors, that is, {x, x'} is an edge of F; we denote with deg(x) 
[or degp(x) if there is a risk of confusion] the degree of x, that is, the number 
of neighbors of x, and deg (F) = sup{deg(x); x vertex of F}, the degree of F. 
With an abuse of notation we usually make no distinction between a graph 
and its set of vertices. We denote with d{-, •) [or sometimes with dr("5 ■)]) 
distance function on F, that is, the minimal number of steps for a nearest 
neighbor path on F joining two given points of F. The graphs we consider in 
the sequel are all connected so that d(-, •) is automatically finite. We denote 
with B[x,r) [or Br{x,r) when there is a risk of confusion] the open ball 
with center x G F and radius r > 0. When U is a subset of F, we denote with 
dU its boundary: 

(1.1) 5C/ = {xGC/'=;3x'gC/ withx~x'}. 

Throughout the article the finite connected graphs G (with edge set £) 
that show up as the base of the cylinder E = G x Z have degree uniformly 
bounded by some integer c?o > 2, 

(1.2) deg(G) < do and we tacitly assume |G| > 2. 
Since G is connected, it follows that 

(1.3) jCI < 2|£:| <do|G'|. 

We write ttg and vr^ for the respective canonical projections of -E on G and 
Z. 

We denote with X.,Y., Z. the respective canonical walks in discrete time 
on EjGjZ, which at each step jump with equal probability to one of the 
neighbors of their current location. We write Px, , for the respective 
canonical laws starting at x £ E, g £ G, n G Z. The canonical shifts and 
filtrations are denoted with {6n)n>o and {J^n)n>o, with a possible superscript 
E, G or Z, when confusion may arise. For a subset J7 of -E, G or Z, we 
denote with Hjj and Tjj the entrance time in U and exit time from U of the 
respective walk, so, for instance, when U E, 

(1.4) Hu = mi{n>0,XneU}, Tu = mi{n>0,Xn U}, 



HOW UNIVERSAL ARE ASYMPTOTICS OF DISCONNECTION TIMES IN 7 



with X. replaced by Y. or Z., when E is replaced by G or Z. Again, when 
confusion may arise, we add a superscript G or Z to clarify the notation. 
When [/ is a singleton {z}, we write in place of 

It is convenient to consider the canonical continuous time random walks 
X., y., Z. , which respectively jump with rates deg((7) + 2, deg(g) and 2, when 
respectively located at x = {g,u), g and u. With an abuse of notation, we still 
denote with Px, P^, P^ the corresponding canonical laws. Otherwise, we use 
notation such as {6t)t>o, i^t)t>o or Hu to refer to the natural continuous 
time objects. Clearly, the respective discrete skeletons of the continuous 
time walks X.,Y.,Z. are distributed as the respective discrete time walks 
X.,Y.,Z.. Further, the continuous time walks satisfy the following useful 
fact, that we recurrently use in the sequel: 

for X = {g, u) G E, under P9^ P^, 

(1-5) _ _ _ 

{Y.,Z.) has the canonical law P^. governing X.. 

The stationary distributions of the discrete and continuous time walks on G 
are the reversible measures (for the respective walks) defined by 

(1-6) ^^9) = ^^, ^(^)=|^ for^GG. 

The generator and the Dirichlet form attached to the continuous time walk 
on G are respectively 



9 ~9 



LGf{g) = Y.(f(9')-f{g)), g^G, 

1 

W\ 



(1-7) 

Pg(/,/) = (-Lg/,/)l2(^) = :^ E ifi9')-mf, 



with / an arbitrary function on G, and {•,-)L^(ji) the L^-scalar product on 
G. In what follows an important role is played by the spectral gap of the 
continuous time walk on G: 



f nonconstant var^(/) 



(1.8) Xg = inf j-p— with var^(/) the variance of / under fi. 



It follows from Cheeger's inequality (cf. Aldous and Fill [2], Chapter 4, 
Section 5.2, page 34, or Lubotzky [13], Propositions 4.2.4 and 4.2.5), for the 
lower bound and the choice in (1.8) of a function / vanishing everywhere 
except at a single point of G, that 

(1.9) 2do >Xg> ^ 



do\G\ 



2 • 
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We introduce the time 

(1.10) tG = A^Mog(2|G|), 

which will play an important role in the sequel, due to the following (clas- 
sical) result: 

Lemma 1.1. 

Fort>tG,g,g' eG, 

\{P^[Yt=gVn9')) - 1| < |exp{-(t - tG)XG}. 



(1.11) 



Proof. The argument is classical; see Saloff-Coste [14], page 328. Writ- 
ing 

(1.12) p^{g,g')=pG[Yt=g']-Jlig'r\ g,g'eG,t>0, 

for the transition density of the continuous walk on G, it follows from the 
spectral theorem that 

E (Pti9,g') - 1) W) < e-''^' E iha'=a}n9)-' " 1) W) 

g'eG g'eG 

= e-2^«*(7l(5)'^-l). 

The claim (1.11) then follows from the fact that exp{-2AGtG} = (4|Gn"\ 
and (1.6). □ 

We now introduce certain stopping times that will be used throughout 
the article. Given an integer h>l and u € Z, we consider the boxes in E: 

Bh{u) = Gx I{u) CBh{u) = Gx I{u) 

(1-13) 

with I (u) =u+[-h,h] and I{u) = u + [-2h + l,2h - I]. 

We write B^, in place of Bfi{0), B^iO), and when the value of h is clearly 
specified, we simply drop the subscript h from the notation. The successive 
returns to Bh{u) and departures of Bh{u) are then defined by 

(1.14) = , , o 0..^ + and for k > 1, 

k k 

SO that 

< < L>i < • • • < i?^'" < Dfc'" < • • • < oo. 
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and for any x £ E, Px-a.s., these inequalities are strict except maybe the 
first one. With a similar convention as above, we drop the superscript h 
when the value of h is clearly specified and the superscript u when u = 0. 

Let us explain our convention concerning constants for the remainder of 
this section and Section 2 as well. We will denote with c a positive constant 
solely depending on do [cf. (1-2)], with value changing from place to place. 
Additional dependence will appear in the notation, for instance, c(e) refers 
to a positive constant depending on do and e. Numbered constants like 
co,ci,... will refer to the value of the constant in the first display where 
they are determined. Finally, we will use the expression for large G, in place 
of for |G| > c, with G a finite connected graph satisfying (1.2). The main 
result of this section is the following: 



Theorem 1.2. 

(1.15) hm inf Px[TG<CG<\G\'{log\G\)'+'] = l 

|G|^oo,dcg(G)<do a:eGx{0} 



for any e > 0. 



Remark 1.3. It is plain that, for any g £ G,u the disconnection 
time Tg has the same distribution under P(^g^u) -^(s.o); ^o that (1.15) 
readily implies 

(1.16) hm inf P,[TG<|G|2(log|G|)4+^] = l for any e > 0. 

G|-^oo,dog(G)<do ^G-B 

Proof of Theorem 1.2. Throughout the remainder of this section the 
value of h [cf. (1.13), (1.14)] is set equal to 

(1.17) h=[Vt^]+2. 

For any z = {g',0) G G x {0} and x = {g,u) € B [cf. (1.13) below, for the 
notation] the strong Markov property for the continuous time walk at time 
Hz implies that 

(1.18) Px[Hz < T~] = PxlHz < T~] = ^, 
where 

z,t < T~} dt , 
z,t<T~}dt . 

We now bound ai from below and 02 from above, and thus obtain a lower 
bound on the left-hand side member of (1.18). With the help of (1.5) and 



(1.19) 
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the notation (1.13), we find that 



ai 



(1.20) 



(1.11) 

> 



> 



P^[Yt = g']P^[Zt = 0,t<Tj]dt 

oo -j^ „ 



to 2|G| 
1 



P^[Zt = 0,t<Tj]dt 



2\G\ 



Et[tG<Tj,P-^ [Ho<Tj]]E', 



l{Zt = 0}dt 



using the strong and the simple Markov property in the last step. It follows 
from the invariance principle and (1-17) that the first expectation in the 
last line of (1.20) is bounded below by a positive constant. Using standard 
calculations on the continuous and discrete simple random walk on Z, we 
also find that 



E' 



l{Zt = 0}dt 



1 



J2l{Zk = 0,k<Tj} 

.k>0 



> ch. 



Collecting the lower bounds we have derived, we find that 



(1.21) 



ch 

0-1 > -rpTj- [with h defined by (1.17)]. 



We will now obtain an upper bound on a2 in (1.19). We first note that 



(1.22) 



\P^[Y, = g']-Jl{9')\< 



Vt 



for t>0,g,g' eG 



(see the convention concerning constants stated above Theorem 1.2). Indeed, 
(1.22) follows from Theorem 2.3.1, page 345 of Saloff-Coste [14], and the 
Nash- type inequality 



(1.23) 



var^(/)3<c|GpPG(/,/)||/|li 



for / an arbitrary function on G. 



The above inequality (1.23) is proven in the same fashion as described in 
Example 2.3.1, pages 348-350, of [14]. For a related inequality to (1-22), we 
also refer to Proposition 18 in Chapter 6, Section 4.2 of Aldous and Fill [2]. 
Therefore, in view of (1.19) [recall z = {g',0) G G x {0})], we find 



a2 



(1.24) 



E 

k>0 



Pz[Xt = 
(fc+l)iG 

kta 



z,t < T~] dt 



Pz[Xt 



z,t < T~] dt 
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< ^ P. [fct G < T ~] [Xt = z] dt 



fc>0 



(1.5) 



P^[ktG < Tj] f"" P,[Xt = z\dt, 
k>o ■'^ 



where in the second Une we have used the simple Markov property at time 
ktc fohowed by the strong Markov property at time Hz - From the invariance 
principle and the Markov property at times Hg, <i < k, we infer that 

(1.25) Po[ktG < Tj] < e-""^ for any A; > 0. 

Coming back to (1.24), we thus find that 



02 



(1.26) 



< 



(1.22) 

< c 



(1.9),{1.10) 







*G el 5) 

Pz[Xt = z]dt^ = U 



to 



pG[Yt = g']P^[Zt = 0] dt 



to 



c 1 



Al 



-^d^- + clogfG 



clogtG < clog|G|. 
Coming back to (1.18), it thus follows from (1.21) and (1.26) that 

ch 



(1.27) P4Hz<Tj:]> 



for any z G G x {0} and x & B. 



-B'--\G\log\G\ 

If we now apply the strong Markov property at times Rm, m>l [cf. (1-14) 
and below (1.14) for the notation] we thus find that, for A; > 1, x G i?, z G 
Gx{0}, 

k-l 



ch 



(1.28) P^W^>R^]<[^-^aii.^^ai 

We then set C2 = 2c'[^ and define 



< exp< — ci 



h{k-l) 
|G|log|G|r 



(1.29) 



C2^(log|G|)2' 



+ 2. 



+oo,deg(G)<<io 



/e* = OO . We 



Note that in view of (1.9), (1.10) and (1.17), limici. 
now see that for x G i3, 

^ (1-28) r h(k - I) 1 

P.[CG>Rk,]< E PAHz>Rk,] < |G'|exp|-ci^^^| 

z^Gx {0} 

<|G|exp{-ciC2(log|G|)} = p. 
We have thus obtained that 



(1.30) 



lim sup [CG>i?fc J =0. 

|Gl^oo,dcg(G)<do xeB 
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With similar bounds as (1-21) and (1.22) in [8] [see also (1-18) of the same 
reference] we can bound Rk^,, and find that, for any e > 0, 

(1.31) lim supP^[Rk,>{hhfilog\G\Y] = 0. 

|G|->oo,dcgG<do xGB 

With (1.29), (1.30) and (0.3), this is more than enough to prove (1.15). 
Incidentally, let us mention that there is some flexibility with the choice of 
h in (1.17), and the above proof works with minor changes in (1.24)-(1.26), 
if for large G we choose h as a positive integer lying between y/tc and 
IGlloglGI. □ 

Remark 1.4. Theorem 1.2 also leads to our upper bound on sup^g^ [Tq] 
Indeed, it follows from Theorem 1.2 that, for any e > 0, when |G| > c(e), 

infP.[Ta<|G|2(log|G|)^+^/2]>i, 
SO that with simple Markov property and Wg = '7G/(|G|2(log |G|)^+^/2)^ 



sup [Wg >k]<{^)'' for A; > , whence sup [Wg] < 2 . 
We thus find that, for any e > 0, 

(1.32) lim sup — = 0. 

|GH^,dcgG<doxei? |G|2(log|G|)4+^ 

Incidentally, note that in contrast to (1.32), due to the nonintegrability of 
the hitting time (i.e., first entrance time after time 1) of 0, for the simple 
random walk on Z, ^^^^[Cg] = oo for all x £ E. 

2. Some auxiliary results. In this section we discuss four auxiliary results 
that will be helpful in the derivation of lower bounds on the disconnection 
times of discrete cylinders in the next two sections. The first result (see 
Proposition 2.1) shows in a quantitative way that the disconnection of E 
typically cannot take place up to times almost of order A^^ . The next result 
(cf. Proposition 2.3) is part of the localization technique that enables to 
focus on what happens in the sub-cylinder A x "Z of E, when ^4 C G is 
suitably chosen. The third result (cf. Lemma 2.5) provides upper bounds 
on the probability that the walk hits a point before exiting B [cf. (1-14) 
and (2.12)] and yields exponential controls on the G- and Z-projections of 
the trace in a sub-cylinder of E of the trajectory of the walk up to the 
time it exits B. These controls will especially be helpful in Section 3 to 
handle the case of "high values" of A^. The fourth result (cf. Proposition 
2.6) describes the basic strategy we employ, when proving that disconnection 
of the cylinder does not take place up to a certain time. In some sense it 
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replaces and by-passes the arguments based on isoperimetric controls that 
were used in [8] (cf. Lemmas 2.4 and 2.5) in the case of G = (Z/iVZ)'^, with 
d > 2. Throughout this section we keep the same convention concerning 
constant and the use of the expression "for large G" as explained above 
Theorem 1.2. 

We first introduce some additional notation. The kernel of the simple 
random walk on G is 

RGf{g)=degigr'J2f(9') 

g'^g 

(2.1) 

for g G and / an arbitrary function on G. 

We consider ip a normalized eigenfunction of Lq [cf. (1.7)], attached to —Xg 
[cf. (1.8)] 

—LQif = AcV with ^ if'^ (g)'Jl(g) = 1, which then automatically 
(2.2) 

satisfies the orthogonality condition 2J 'p{g)f^{g) = 0. 

gee 

We also denote with W the subset of G: 

(2.3) W = {g€G;v{g)>0}QG. 
The first result of this section is the following: 

Proposition 2.1. 

(2.4) Fom>0,geW, pG[T^ n] > ^^{l - Xg)1, 

" max if 

ir^i supP^[Tg < XG^e\G\] = 

(2.5) 

for any positive sequence e„ withlimen = 0. 

n 

Proof. We begin with the proof of (2.4). We need only consider the 
case Xg < 1. From (1.7), (2.1) and (2.2), we find that 

(2.6) ^R^^)^g)=^i--^y^g) iovgGG. 

As a result, we see that 

(/? and Rg^ are positive on W, and 



(2.7) 

n 

Rg^ 



< < (1 - Xg)~^ on W. 
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Writing 99+ for max((y9,0) and applying the stopping theorem to the 
)-martingale 



V'e(^n) n (^R^ j n>0, where V'e = V^h- + e, with e > 0, 



k=0 



we see, using dominated convergence, (2.7), and letting e tend to 0, that for 
n>0, g£W, 



pia) 



e: 



G 



nATw-l 



E 



'G 



nf\Tw) 



n-1 



n 

fc=0 



RgV>+ 



(Yk) 



^(Yn) n 



k=0 



Rg^+ 



{Yk),n< Tw 



(2.^ 



G 



Tw-1 

^+iYT^) n o 

k=0 ^GP, 



iYk),n> Tw 



< E 



G 



n-1 



p{Yn)Y[l^iYk),n<Tw 



k=0 



RgP> 



(2.7) 

< max(^(l-AG)-"Pf [n<rw/], 

since the first term in the second line vanishes and RgP+ ^ RgP > 0, on 
W. The claim (2.4) follows. 

We then turn to the proof of (2.5). Without loss of generality, we assume 
that \g <\ [indeed, in the case of graphs with A > ^, (2.5) becomes obvious]. 
With (f as above, we pick € G such that <p{g+) = max(p. It then follows 
from (2.4) that, for n > 0, 



(2.9) 



[Tiy < n] < 1 - (1 - Ag)" < nlog 



g+ 



1-A 



G 



A similar inequality holds for the set V = {ip <0} and g^. £V such that 
ip{g-) =min(/j, in place of W and respectively. We then introduce the 
(.7^^)-stopping times: 



(2.10) 



r = inf{n> l;(^(y„)¥.(y„„i)<0} and 



{a+,9-} 



H 



in other words, p is the first time 'piYn) changes sign after reaching either 
g_ or (/_|_. Given any sequence e„ as in (2.5), one has for any x = {g, u) G E, 



P.[rG<\G^\G\]<Pg[P<^G'^\ 



G\. 
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(2.11) < E'^iP^ \r<\G^e\G\]] 

(2.9) _ / 1 \ 

Observing that the function s G (0, ^] — > s~^log(Y3^) is bounded, (2.5) fol- 
lows. □ 

Remark 2.2. One can derive similar inequalities as (2.4) when Ac is 
replaced with a higher eigenvalue A of —Lg [cf. (1.7)] and W in (2.3) with 
some connected component U of the set {V' > 0} C G, for some normalized 
eigenfunction of —Lg attached to A. Together with the invariance principle 
for the simple random walk on Z, this yields quantitative lower bounds on 
the probability that the walk X. travels in a cylinder U x Z within time 
of order A~^ to a distance of order A~^/^ in the vertical direction, when 
starting at x such that g = ttg{x) corresponds to a value ipig) "comparable" 
to maxi/ip. In this fashion one obtains certain "escape routes" for the walk 
in the discrete cylinder In a way, the localization procedure we employ 
in the derivation of lower bounds on the disconnection time enables us to 
construct "easy escape routes" for the walk that only needs to travel in the 
vertical direction at distances of order h' instead of distances of order h; see 

(2.12) and (3.4) below. It also avoids the use of detailed knowledge of the 
structure of higher eigenfunctions of —Lg- 

We turn to the second result of this section that will be instrumental for 
the localization procedure. We now wish to consider stopping times defined 
by (1.14) corresponding to two distinct values of the parameter h and the 
choice u = (for simplicity). We thus consider [compare with (1.17)] 

(2.12) l</i'</i = 2([^(log|G|)2] + l), 

denote by B' , B' and B^B the corresponding boxes when u = [cf. (1.13)] 
as well as by R'f^,D'f^,k > 1, and Rk,Dk,k > 1, the corresponding stopping 
times; see (1.14). We also consider a subset of G, where the localization will 
take place: 

(2.13) A(^G. 

We introduce the variables counting the visits of Xp/ , /c > 1 , to A x Z during 

k 

the various intervals [Ri^Dn — 1], £ > 1. We recall that in view of (2.12) all 
R'j^ occur during some [R^, — 1], ^ > 1. We thus define 

U^" = ^ 1{X^/^ E A X < Di} o Or^, and for l>l, 

k>l 

(2.14) 
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Clearly, the expectation under Px of Ui only depends on |7r2(x)|, and we 
introduce 

(2.15) r/ = Ex[Uf] for X G G X {-/i', h'} arbitrary. 

Considering successive displacements at distance h' of the simple random 
walk on Z, that is, the iterates 7^, A; > 0, of the stopping time 7 = inf{n > 
0,|Z„-Zo| =/i'}, 

70 = 0, 7fc+i = 7 o 6*^^ + 7fc for A; > 0, 

one knows that = -^Zy^, k>0, under P^, has the distribution of a simple 
random walk on Z starting at 1, that is, -Pp. Using this identity, we see that 
r] is bounded from below by the expected number of successive returns to 
the interval [—1,1] of the one-dimensional simple random walk starting at 1, 
up to the exit time from [— [p-], [j^]]- Similarly, it is bounded from above by 
the expected number of returns to [—1, 1] of a simple random walk starting 
at 1 up to the exit time from [— [^] — 1, [j^] + !]• With standard estimates 
on a simple random walk, it is straightforward to infer that, for some c > 1, 

1 h h 

Finally, for n € Z, we denote with i^^ the equidistribution at level u in E: 
(2.17) 1^.= !^ E 6x. 

The second result of this section is (see above Theorem 1.2 for the termi- 
nology) the following: 

Proposition 2.3. For large G, when 2<£< |Gp, v >0, ACG, and 
X ^ B, one has the following: 



(2.18) P, 



Uf + --- + Uf> £r?^(l + v)^ < cexpj-c^K^ A 1)1^ 



Px 

(2.19) 



h 



< 2exp{ -- 



2, 

for any x € E, v > 0. 



j4 

Proof. We begin with the proof of (2.18). We consider the variables , 
i>l, attached to continuous time random walk X., obtained by replacing 
Rk,Dk,R'f„D'^ with Ri^Dk,^^!,^^! in (2.14). The discrete skeleton of X. has 
the same law as X. and therefore, under Px, for arbitrary x in E, , £> 1, 
has the same law as Uf,£ > 1. As a result, foi x ^ B, 1 <i < \G\'^,A C G, 
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and A > 0, the strong Markov property together with the above remark 
yields 

(2.20) = E,[exp{X{ut + ■ ■ ■ + Uf)}] 

= E,[exp{X(uf + ■■■ + uti)}Ej^_ [%_ [exp{Al7f }]]], 

where in the case £= 1, we use the convention Dq = 0, and the term before 
the inner expectation is omitted. We will use the following: 

Lemma 2.4. For large G, where x ^ B and z x {—h, h}, 

(2.21) P^[Xt^^=z]<\G\~\1 + \G\-') 

[of course the left-hand side vanishes unless TTz{x)Trz{z) > 0/. 

Proof. Without loss of generality, we assume that x = (g, u),z = (/, h), 
with u > 2h, and g,f £ G. Using the exponential martingales expjz/Z^ — 
2fcoshi' — 1)}, t>0 (see, e.g., Lemma 3.2, page 175 of [9]), and applying 
Doob's inequality (see (2.46), page 63 of [9]), after optimization over > 0, 
one obtains the (classical) bound 

(2.22) P(f[;H^^<t]<exp|-cvlog(^l + c0| for veZ+,t>0. 

With (1.5) and (1.11), we see that, for t>tG 

= z 

(2.23) < P^[Hh<t]+P^<g>P^[Y-^ = z,Ht>t] 



PAXji^ = z] = P^^P^[Y-^^=z] 



(2.22) 

< exp< — c/ilog 1 + C' 



t 

1 / 1 \ 
p (^1 + - exp{-AG(s - tG)]yi[H^, e ds]. 

We choose t = Stc- Observe that when h/t < 1, exp{— c/ilog(l + ch/t)} < 
exp{-c/iVt} < exp{-c(log|G|)2}, with (2.12), and otherwise if h/t > 1, 
exp{— c/ilog(l + ^)} < exp{— c/i} < exp{— c(log |G|)^}. In addition, exp{-2 x 
Acic} = 4|G|-2, due to (1.10). Coming back to (2.23), the claim (2.21) fol- 
lows. □ 

As a result of Lemma 2.4 and the symmetry between positive and negative 
heights, for large G, the inner expectation in the last line of (2.20) is smaller 
than [in the notation of (2.17)] 

(2.24) (1 + |G|-2)ii;,Jexp{Al7f }] < (1 + \G\-')E,^, [exp{Al7f }], 
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using the strong Markov property at time R!i in the last step, and the fact 
that X^i is distributed as Uh' under P^,^. Iterating we see that for large G, 

ioT x^B,l<l< ^ C G and A > 0, 



i?,.[exp{A([/f + • • • + [//)}] < (1 + \G\-^YE,^, [exp{AC/r}] 



(2.25) _ 

<eii;,^,[exp{Al7f}]'^. 

Observe also that using Taylor's formula with integral remainder to give a 
development to first order of the function u — > e^** , we find 

E,^,[exp{Al7f}] = l + Ai?,^,[I7f] 

(2.26) + X^E^^, \ ds r dt{uff exp{AtI7f } 

L^o Jo 

< 1 + XE,^, [Uf] + ^E,^, [{Uff exp{Al7f }]. 

Since JI is the stationary distribution of Y, in view of (1.5) and (2.17) we 
find 



E.„m]=E^®Ef, 



(2.27) 



.k>l 



Y,1{R',<D^} 

.k>l 



with an abuse of notation when viewing the i?^, A; > 1 and Di as defined in 
terms of Z. alone. With analogous arguments, we also have 

E,J(Jjtfexp{XUt}] 

<E,J(utufexp{XUf}] 



(2.28) 



■■E^®El, 



Y.l{Y-^, GAi?fc<^i},^fexp{AC/f} 



.fc>i 



-Jl{A)El, 



^l{<<I)i}?7fexp{Af/f} 

.k>l 



= 7l(yl)i?^,[(C/f)2exp{A[/f}]. 

Further, note that the simple random walk on Z starting at 2h' reaches 2h 
before h' with probability h' /{2h — h') > h'/{2h). With a repeated applica- 
tion of the strong Markov property, we find that 

/ 1 /i'^ 

(2.29) [f/f >m]<P, [E!„, <Di]<[l- 



2 h 



for X ^ E,m>l. 
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Hence, for a suitable small enough positive constant C3, and any x £ E, 



(2.30) 



E^ 



h' 



exp<j C3-^Ui 



G 



' E^ 



exp{c3^f/f} 



< 2. 



Combining (2.26), (2.27), (2.28) and (2.30), we see that for A < f ^ one has 
(2.31) E,JeM>^ut}] <l + r,Tl{A)X + c(^^y-p{A)X\ 

Returning to (2.25), we obtain for v > 0, and A < 

Px [u^ + --- + uf > vii{A){i + v)e] 

< exp!^-Xr]Jl{A){l+v)i + l + £(^X'nJ[{A)+c(^^^ Jl{A)X'' 

< expl l-iJl{A) ' - Ji ^ 



c-v-c 



h' J 



Optimizing over A with the definition (1.6), we obtain (2.18). We now turn 
to the proof of (2.19). With (2.29), we find that for any xGE, v> 0, 



Prr 



h 



< 1 



-— <2exp< -r-r.v 

2 h J - ^\ 2 h h' 



2exp 



whence (2.19). □ 



We then continue with the third result of this section. It provides bounds 
that will be especially helpful when h in (2.12) is not too large [i.e., Xg large 
enough; see (3.34) and (4.10)]. We use the terminology introduced above 
Theorem 1.2 for the next lemma. 



Lemma 2.5. For large G, 

h 



(2.32) Px[H,><T~]<c 



\G\ 



for X £ G X { — h,h} and \ttz{x')\ < —■ 



Moreover, for any F C G with \V\h < |G|(log \G\) ^ and x £ E, one has the 
following: 



(2.33) 



(i) 

(ii) K 



exp 



|7rz(X[o,T~-i]n(FxZ))| 



exp|^|7rG(X[o^ 



n{VxZ))\ 



<2, 



< 2. 
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Proof. We begin with the proof of (2.32). The argument resembles 
the proof of (2.21). Without loss of generality, we assume that x = {g,h), 
x' = {g',u'), with \u'\ < |, and write, using similar bounds as in (2.22) and 
below (2.23), 



< Px [H.^> < to] + Px [tG < H^, < T 



< exp{-c{\og\G\f}+P,[tG<H,,<T~] 



(1-5) 

< exp{-c(log|G|)2} 



(2.34) 



roo 

+ / cP^[Yt = g']Pi[Zt = u', Tj> t]dt 
Jta 



(1.11) 



< exp{-c(log|G|)^} + — ( P^[Zt = u',Tj>t]dt 



< exp{-c(log|G|)2} + — 



-ih,4h] 



< c 



h 



whence (2.32). As for (2.33)(i), we first note that 

(2.35) |7rz(X[o,T~-i] n{VxZ))\= J2 U^vxR < T^}- 

\u\<2h 

With an argument similar to Khasminskii's lemma [12] (see also, e.g., (2.46) 
of [8]) the claim (2.33) (i) follows once we show that 



(2.36) 



supE^ 

x&E 



\u\<2h 



To prove (2.36), note that the above expectation is equal to 

Px[Hv.{u}<Ts] < J2 PAHy,iZ}<tG] 
\u\<2h \u\<2h 

+ E PAtG<Hv.iZ}<Ts] 

\u\<2h 



< 2Ei 



sup \Zs- Zq\ + 1 
0<s<ta 
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(2.37) 



l{XteV x'L,t<T~}dt 



(1.5) r°° _ _ 

< cy/t^ + c / P^[Yt G V]P'i[t < Tj] dt 



(1.11) 



\v\ 



h? 

< cVk; + c\V\j^^. 
However, with (2.12) and our assumption on V, 
^ < c(log|G|)2LJ_^ < 

and (2.36) follows. 

The proof of (2.33)(ii) is similar. In place of (2.36), we have to check that 



(2.38) 



sup Ere 



■gev 



<ctG. 



Moreover, since 

r POD 

^ ESg < Hq^^y< T~] < cE, y l{Xt eVxZ,t<T~} 



dt 



g&V 



the claim (2.38) follows from a straightforward modification of (2.37). This 
concludes the proof of (2.33). □ 

We now turn to the fourth and last result of this section, which highlights 
the strategy we will employ when bounding the disconnection time from 
below. We depart from the line of attack in [8], which was based on the 
fact that a finite subset S disconnecting {'L/N'L)'^ x Z must somewhere be 
"locally big," thanks to isoperimetric controls; compare Lemmas 2.4 and 2.5 
of [8]. Here instead we construct paths that prevent disconnection. 

To this end, we consider integers M,M',L' > 1, as well as 



(2.39) 



Vi,l<i<M 



nonempty connected subsets of G, 



M 



with 1^ Vi connected. 



We define for 1 < j < M' the intervals of Z: 

(2.40) Jj = [{j-l)L',jL'], l<j<M' (so |J,|=L' + 1), 
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V 



D 



Vi 



Fig. 1. A schematic illustration of "S is good for D" and "5* is thin in Dij The sets 
corresponding to the thin lines in the box on the left are in the complement of S. Also S 
is thin in the shaded boxes on the right-hand side of the figure. 



as well as the subsets of E: 

Dij{u) = ViX (Jj + u), 

D{u) = 



(2.41) 



U Aj(^) 

l<i<M,l<j<M' 



for u£Z. 



We simply write Dij and D when u = 0. 

Given a finite subset S C E, we say that S is thin in Di j{u), when 

(2.42) |vrG(A,i(^^)n5)|<M and |7rz(Aj(n) n 5)| < ^ 

Using a type of renormalized version of (2.42), we say that S is good for 
D{u), when 

M 
T' 



(i) \{i£[l,M];S is not thin in Dij{u) for some j £[1,M']}\< 



(2.43) 



(ii) \{j £ [1,M'];S is not thin in Dij{u) for some i G [1, M]}\ < M' . 



We formulated (2.43) in a way which highlights the analogy with (2.42); in 
particular, "5" not thin in Dij(u)" for {i,j) £ [1,-^-/] x [1,M'] is the counter- 
part of "x in 5" for x G AjU) in (2.42). Note that when S<lD{u) =0, S 
is automatically good for D{u) (see Figure 1). Our last result in this section 
is the following: 

Proposition 2.6. (n > 0) 
(2.44) {Tg <n} CI {for some u G Z;X[o^„] is not good in D{u)}. 
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Proof. We prove (2.44) by contradiction. We denote with Qn the com- 
plement of the event in the right-hand side of (2.44). We fix a trajectory in 



We say that Dij{kM' L') belongs to a thin column, respectively to a thin row, 
of D{kM'L') when S is thin in each Dij'{kM'L'), 1 < f < M', respectively 
each Di'j{kM'L'), 1 <i' < M . The first observation is the following: 

Any two boxes Di_^i{k-.M' L') and A+,Af'(^+^'^0 in a 
(2.46) thin column of D{k-M'L') and D{k+M'L') respectively can 
be linked by a path of boxes = Di^j^(kiM' L'), <£ <m, 

such that: 

(i) the path starts in Di_^i(k-M'L') and ends in Di^ M'{k+M' L'), 

(ii) for each < i < m, S is thin in P^, 

(iii) for each < i < m, either the boxes T>i and "C^+i are vertically abut- 
ting, that is, ii = i^+i and \jiL' + kiM'L' — je+iL' — k£+iM'L'\ = L' , or 
side- wise abutting, that is, ji = je+i,k£ = /s^+i, and Vi^ H V^^.^^ ^ 0. 

Indeed, sinc6 tlie trajectory of the walk belongs to Qn^i 

any two boxes 

in thin columns of D{kM'L') can be linked by such a nearest neighbor 
path of boxes in a thin row or thin column of D{kM'L'); see (2.43)(ii). 
In addition, with (2.43) (i), for any k, at least one 1 < z < M is such that 
Di^L>{kM'L') and A,i((fc + l)M'L') are both in thin columns of D{kM'L') 
and D{[k + 1)M'L'), respectively. The claim (2.46) follows. 
The next observation is that for < i < m: 



[Such points exist in view of (2.46) (ii) and (2.42).] 

Indeed, one can construct a path within T>£\S or P^+i\S' between two 
points in the same box T>i or f^+i that satisfies the above mentioned 
property thanks to (2.42) and the fact that each Vi,l < i < M, is con- 
nected. Then using the fact that Di and I'^+i are either vertically abut- 
ting with Vi^ = Vi^^-^i or sidewise abutting with Vi^ n Vi^^^ ^ 0, in view of 
(2.42), we can either find g &Vi^ = Vi^_^_^ such that g £ -KGiiJ^i U Pf_|_i)\5), 
or u G TT^iiVi U ViJ^i)\S). The claim (2.47) readily follows in view of the 
previous remark. 



Qn^ and set S = -'^[o,n]- We choose A:_ < /c+ in Z, so that 



(2.45) 




(2.47) 



any z, z' respectively in Vn and P^+i, such that tti{z) ^ it-e{S n 
Vi) or t^g{z) ^ iroiS D'De) and a similar condition for z' with i 
replaced by i + can be joined by a nearest neighbor path in 

iv,uv,+i)\s. 
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With (2.46) and (2.47), we can then find a nearest neighbor path in E\S 
which starts at a point having Z-projection equal to min7rz(S') and ends at a 
point having Z-projection equal to max7rz(5). Hence, S does not disconnect 
E. In other words, we have shown that Qn Q {Tq > n}, and (2.44) follows. 
□ 

In Section 4, when working in the presence of a transient pocket (cf. The- 
orem 4.1), we use the simple case M = M' = 1, so that "S* good for D{u)" 
means that S is thin in Di^i(u). On the other hand, in order to handle 
the possible presence of recurrent pockets in Section 5, we use the above 
Proposition 2.6 with M and M' > 1; see Theorem 5.2. 

3. Localization technique and rarefied excursions. We develop the lo- 
calization technique in this section. We focus on what happens in a certain 
"pocket" ^ of G (see Figure 2), where we have control over the decay of the 
killed heat kernel; see (3.4). We are interested in the excursions performed 
before time corresponding to successive entrances of the walk in 

a not too big box C with G projection denoted by V, "well inside A," and 
departures of the walk at distances of order h' < h in the Z-direction. We 
pick h' [cf (3.6)] so that, on the one hand, it is large enough and thereby 
makes it rare to hit C when starting at vertical distance of order h' from C, 
and on the other hand, small enough so that in the later contexts of Sections 
4 and 5, we are able to check (3.5), and thereby discard what happens out- 
side AxIj, when analyzing these excursions. Our key result (cf. Proposition 
3.2) shows that for our purpose we can assume that only a finite number 
of excursions take place. This is instrumental when later constructing con- 
nections with Proposition 2.6. Our convention on constants for this section 
appears above Remark 3.1. We first introduce some definitions. 

Recalling (Iq from (1.2), we denote with Qo{do,d,6' ,j,a), where < 5 < ^, 
0<5'<|, 7>^, a>0, the class of finite connected graphs G satisfying 
(1.2), such that either 




(3.2) 



G^A^V 



with V connected, so that 



(3.3) 



|G'|^/8>|1/|> |G| 



and 



(3.4) 



P^[Yn = g,n<TA]< — 



for g £ A,n> 1. 
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B = Gx [-h, h] 



2h 









Ax /i']-^ 

c = y X [-v,v] — ■ 















2h' 




Fig. 2. A drawing of some of the sets that appear in (3.2)-(3.7). 



In addition, we assume that 
(3.5) l^^l 



sup P:,[Hc<T~]<l 



where we have set, with h as in (2.12), 

(3.6) h'=[i^\\Gr'/'f"']Ah 
and 



and u € 



(3.7) C{u) = V X {u + [-v,v]) witht; = |y|A 

[and we write C in place of C(0)]. We also consider the classes 

(3.8) gi{dQ,5,5',-f,a) ={G ego;{3.1) does not hold}. 
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G ext('^0)'5) = {G satisfying (1.2) sucli tliat either (3.1) 

(3.9) 

holds or Ag> |Gr^/i°}. 

This latter definition corresponds to "extreme values of Ac" [cf. (1.9)] and 
this class will be considered in Theorem 4.3. Throughout the section we 
use similar conventions concerning positive constants or the expression "for 
large G" as mentioned below (1.14), except that constants may now depend 
on do, 6, 6' a (and not just do). Let us give some comments about these 
parameters. The parameter 6 ultimately measures the quality of the lower 
bound we derive on the disconnection time, with a similar interpretation as 
in (0.9). The numbers 7 and a control the on-diagonal decay of the transition 
kernel of the walk on G killed when exiting the "pocket" A, whereas 6' 
ensures the nondegeneracy of V the G-projection of the box C sitting inside 
A X [—h',h']. The choice of h' in (3.6), as well as (3.5), addresses the two 
conflicting constraints expressed at the beginning of this section. With the 
first and second inequality of (3.3), A is not too small in G, V is small 
in A, and due to (3.5), sits "well inside" A. The last inequality of (3.3) 
enforces a lower bound on \V\ which will ensure that we are not looking 
at too small a scale in G, and the multiplicity of boxes C{u), \u\ < |Gp, we 
later need to consider does not beat the probabilistic estimates we derive; 
see, for instance, (4.9), above and below (4.10)(ii), as well as the last line of 
(5.25). Let us mention that in some applications the values of 7 and a will 
be fixed (see, e.g.. Corollary 4.6 and Corollary 5.3) but in Corollary 4.5 we 
let 7 and a depend on 6 [and tend to infinity as 5 tends to 0; cf. (4.20)]. 

Remark 3.1. As a routine consequence of (1.2) and (3.4), one has 
(3.10) for all g,g' £A,n>l, P^[Yn = g' ,n <Ta] < ^. 

Indeed, rn{g,g') = P^\Yn = g' < TA\^{g')~^ is a symmetric function of 
g,g' , thanks to reversibility. Further, with the Chapman-Kolmogorov equa- 
tions and Cauchy-Schwarz's inequality, one finds for k > 1, g, g' £ A, 

r2k{9,g') < r2k{g,gy^'r2,{g',gr^' _|_(;,(<^)^(5'))-i/2, 

r2k+i{g,g') < r2kig,g)'/'r2k+2{g',gr^' -^{y^{gUg')r"\ 

whence (3.10). 

We wish to control excursions consisting of successive returns to C (n) and 
departures from B'{u){= G x /'(n), with I'{u) =u + [-{2h' - l),2h' - 1]). 
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To this end, we introduce for n € Z the sequence of stopping times 

R^ = Hci^), 5l' = r~(,^^^o0~„+i?^, andforfe>l, 



(3.11) 



and with a similar convention as below (1.14), we drop the superscript u 
when n = 0, and simply write Rk^D^. The next proposition shows the rar- 
efaction of excursions between C{u) and E\B'{u), up to time , when 
G is large in Qi. It plays an important role in the present and next section. 

Proposition 3.2. There is a positive constant Kq (of. above Remark 
3.1), such that 



(3.12) lim supPr 



^nvY.l{Rl<\G\ 

."6Zfc>i 



2(1-5) 



0. 



Proof. We define [compare with (1.29); note that the value of h in 
(1.29) is set by (1.17), whereas in the present section it is defined by (2.12)] 



(3.13) 



1-5 



h 



-{\og\G\f 



+ 1. 



With (1.10), (2.12) and (3.8), we see that 

for large G in Qi, m^, > c(log |G|)^ and 



(3.14) 



mJ-^^\G\'/''>c{log\G\f/'. 



Recall the notation R^,D^ from below (1.14), with a choice for h made in 
(2.12). With similar arguments as below (2.11) of [8], for large G in Qi and 
arbitrary z £ E, u gZ, we find. 



(3.15) <P(f <|Gp{i-^)]<(l 

<exp{-c(log|G|)5}. 



\G\ 



l~5 



{m,-l)h 



We now turn to the control of the sum in the probability in (3.12) for u = 0, 
under Pr^, with x arbitrary in E. The case u ^ will then follow using 
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translation invariance in the Z-direction. We first note that 
(3.16) 



and also introduce the notation when G replaces A in (3.16). With 

the help of Proposition 2.3, we can control the number of returns R'^, with 
X^i in A (or in G) that occur before Dm*- Indeed, when G is large in Qi 
and any x E, one has 



Pa.[U^ + --- + U:^^>UA)] 



< 



p. 



(3.17) 



U^>-hiA) 



ui + --- + u^^>-K{A) 



(2.18),(2.19) 

< 2exp 
(2.16),(3.16) 



.cm}-^\G\'l^^ 



\G\ 



+ cexp 



-cm}-^\G\"^^ 



(3.14) 

< cexp{-c(log|G|)^/2}. 



The same argument shows that 

Px[U^ + --- + Ug >K{G)] < cexp{-cm,|G|^/i^} 

(3.18) 

< exp{-c|G|''/i^}. 

With (3.15), (3.17) and (3.18), we have a bound on the number of returns 
R'^ with in A (or in G) that occur before time |(?p(^~''). We then 

need to bound the probability of entering G before exiting B' . When h' = h 
[cf. (3.6)], we will rely on (2.32) of Lemma 2.5. On the other hand when 
h' <h, we will use the following: 

Lemma 3.3 [7 > i,e G (0,27- 1)]. For G inQi with \G\ >c(e), one has 
(3.19) P,[//,.<r^^^^^^~,]</i'-(27-i--) forxeAx{-h',h'},x'eG. 

Proof. Pick 5i < With no loss of generality, we assume that x = 
{g,h'), with geA and x' = {g',u') G C, so that g' £V and \u'\ < -y; cf. (3.7). 
When G is in Qi, we thus find 

Px[H^> < r|,^x2)n_B'] 

= Px[Hx' < ^(AxZ)nS'] 

(3.20) 
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+ cEf ^ El I l{Yt = g\ Ta > t}l{Zt = u'} dt . 

Note that from (3.3), (3.6), (1.9) and (2.12), hm|G|_oo,Geei ^' = oo- With 
(2.22), for large G in Qi, the first term in the right-hand side of (3.20) is 
smaller than exp{— c/i' log(l + ch'^^'"^^^'^^^^)} < exp{— c/i'^*^^}. We now turn 
to the last term of (3.20). We introduce the continuous piecewise linear 
increasing processes 

rt 



A, 



deg{Yr)dr, t>0, and 



s>0. 



T, = mi{t>0;At>s} = {A ^)„ 

as well as the time changed process 

Ys = Yr^, s>0. 

Under , Y. is the continuous walk on G with the same discrete skeleton 
as Y., but with constant jump rate one. Note also that 

Ts= rdeg{Yr)-Ur. 
Jo 

Performing the change of variable t = Ts, the last term of (3.20) equals 



cE9 El 



< c 



l{Ys = g', T\ > s]l{Zr^ = u'} deg(n)"i ds 



h'2{l-'5l) 



E'^IY, = g\ tX > s, q{Ts, u, u')] ds, 



/h'2(l-*l) 

with q{t,u,u') = Pu[Zt = u'], and otherwise hopefully obvious notation. 
Note that when Nt,t > 0, is a Poisson counting process with rate 1, 



(3.21) 



P 



Nt<^oT Nt> 2t 



< 2e 



~ct 



t>0, 



as follows from Cramer-type bounds. With (3.10) and a similar bound for 
q{t,u,u'), the last term of (3.20) is thus smaller than 



-(7+1/2) 



+ e 



-*)dt<c(/i'(i-2^)(i"^^) + e-'='^"'"'^'). 



/h'2(l-^l) 

Choosing 6i < c(e), so that (27 — 1)(1 — (5i) > 27 — 1 — e, our claim (3.19) 
follows. □ 

We now return to the task of bounding the sum in (3.12) for u = 0. We 
first analyze the case when [cf. (3.6)] 

(3.22) h' < h. 
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For large G in Qi, under (3.22), for any K >2 and x G E 



.k>l 



J2 HHc < Tg,} o 9j,,l{R', < > K 



<Px 



(3.15) 

< exp{-c(log|G|)n 



l{Hc <T^,]o 9j,,^ 1{R^ < R'^ <Dm}>K 

.l<m<m» 
Kfe 



(3.23) 



<exp{-c(log|G|)5} 



^ l{Hc<T~„7rG{Xo)eA}oeR,^ 



.l<m<m« 
Kk 



Xl{Rm<Rk<D^}>Y 



P. 



J2 l{Hc<T~„7rG{Xo)^A}o0j,,^ 



l<m<m» 
Kk 



xHRm<R'k<P>m}>^ 



(3.17),(3.18) 

< cexp{-c(log|G|)^/^} + ai +02, 



where we have set [see (3.16) and below (3.16) for the notation] 
Y: l{Hc<T~,}oe^,^^>^ 

ll<k<k,{A) 



ai = Px 



(3.24) 



02 = Px 



J2 HHc < r~ ;7rG(Xo) ^ A} o > 



K 



l<k<k,{G) 



" 2 



and R[^ = mi{R'f, Xj^,^ eAxZ},and for k>l, R'^+^a = inf{^f ; R'l > R'u^a 
and Xfii^ £ Ax Z}, that is, i?^ ^, /c > 1, stand for the successive times within 
R'g,^ > 1, when ttg^Xjii) E A. There remains to bound ai and 02. We first 
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write 



ai < Px 



1 fK 



L2<fc<fe*(A) 



(3.25) + P, 



1{Taxi.<Hc<T~} 



1 /K 



■2<k<k,{A) 



^k.A 2 V 2 



dcf 



61 + 62- 

With the strong Markov property at times R'^ ^, recalling that when k>2, 
Xji' e Ax {—h', h'}, Px-a.s., we find that for A > 0, 

A /K 



bi < exp 



(3.26) 



2 V 2 



1 



sup E^[exp{Xl{H^T~ }}] 



Choosing e = ^ ^ f Lemma 3.3, we see that for large G in ^1, 
(3.27) sup P.[Hc < T~ ^ ] < \C\h'-^'^-'~^\ 

z&Ax{-h',h'} ^ ' 

Note also that for large G in ^1, with (3.22), 
A;,(A)|C|/i'-(27-i-^) 

^^<^^|C|M|G|"i55/i6(iog|G|)5/i'(i+^)|A|-i|G|'^/^ 
(3.6) ^ 

(3.28) 

^<^^|G|^/^+^/^-^5^/i6/i'^(log|G|)5 



and as a result, 
(3.29) 



61 < exp^ ("I- - 1 ) + A;,(A)|C|/i'-(27-i--)(e^ _ 1; 



<exp{-^(f -l) + |G|-VV-l)}. 
In an analogous fashion using in place of (3.27) the estimate 



supP,[r4xz<^c<rg,] 



(3.30) 



(3.5) (3.6), (3. 22) , , , , 
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we find in the case of 62 > 



(3.31) 



&2<exp{-^(^-l)+|Gme^-l)}. 



Witfi similar arguments, we see tliat for large G in Qi, for A > 0, 
as < exp|-A(^y - + hiG)h'\G\^/^-\e^ - 1)| 



(3.32) 



<exp{-A(|-l)+|Gr^/ne^-l)}, 



(3.16) 



where we used A;*(G)/i'|G|^/8-i < c\G\^/^^^^^/^^ {log\G\f <\G\~^/\ 

Picking A = I log |G| in (3.29), (3.31) and (3.32), we can choose a constant 
Ki such that, for large G in ^1, when (3.22) holds. 



(3.33) 



supPj; 



.fc>i 



<iGr 



We then analyze the case where (3.22) is replaced with [cf. (3.6)] 
(3.34) h' = h. 

For large G in Qi, under (3.34), for K >2,x £ E,X> 0, using analogous 
arguments as in (3.23) and the strong Markov property at time Rm, we 
obtain 



P. 



J2l{Rk<\G\^^'"'^}>K 

.k>l 



(3.35) <exp{-c(log|G|)5} + P, 



J2 l{Hc<T~}oeR^>K 

.l<m<m» 



< exp{-A(K - 1)}( sup E,[exp{Xl{Hc < T~}}] 

\z£Gx{~h,h} 



(m.-l) 



From (2.32) in Lemma 2.5, we know that, for large G, 

sup P,[Hc<T~]<c\C\-^. 

Gx{~h,h} l<-^l 
Coming back to (3.35), we then find 



(3.36) 



P. 



Y,l{Rk<\Gf^'''^}>K 



.k>l 



< exp{-c(log \G\f} + exp|-A(i^ - 1) + cm.|G|p(e^ - 1) 
<exp{-A(i^-l) + |G|-'^/2(e^-l)}, 
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(3 13) (3 3) (3 7) 

where we used that, for large G in gi,?n* I C|y^ < 2|G|-^(log |G|)5|C7| ' < 

\G\-^/^. Picking A = |log|G|, we can choose a constant K2 such that, for 
large G in ^1, when (3.34) holds, 



(3.37) 



SUpPj; 

x&E 



5]l{/2fe<|G|2(i-'5)}>K. 



.k>l 



<\G[ 



Combining (3.33) and (3.37), it now follows from translation invariance in 
the Z-direction that with Kq = Ki V K2 , for large G in ^1 , 



sup Pa; 



sup5^1{P)f<|G|2(i-'5)}>i^o 



'k>l 



sup P-r 

xgGx{0} 



< IGpsupP, 

x&E 



sup5:i{p;f<|Gp(i-^)}>i^o 



^l{i?fc<|G|2(i-^)}>K, 



.fc>i 



<\G\-\ 



and this proves (3.12). □ 



Remark 3.4. The proof of Proposition 3.2 when (3.34) holds shows 
that for the class Q{dQ,5) of finite connected graphs satisfying (1.2) but not 
(3.1), if one defines, for u in Z [see also (2.12)], 



(3.38) 



C{u) = V X {u + [-w,w]) 

where w < \V\ A 



and |G|^/8 > \ V\, 



and introduces in analogy to (3.11), with B'[u) replaced by B{u), the suc- 
cessive returns to C{u) and departures from B{u), R^^D'^,k > 1, one can 
find a positive K solely depending on cLq and 5 such that 



(3.39) lim _supP2: 

\G\^oo,G<^gx<^E 



sup^i{7r' <iGp(i-'^)}>K 



0. 



This remark will be helpful in the next section when we derive a lower bound 
on the disconnection time for a large G in ^cxt; see (3.10). 



4. Lower bound in presence of a transient pocket. In this section we 
derive a lower bound on the disconnection time of a discrete cylinder when 
its base G is large and contains a transient pocket [i.e., 7 > 1, in the notation 
of (3.4)]. The basic result is Theorem 4.1; applications are given in Corollary 
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4.5, when G is a truncated r-tree of depth N, or in Corollary 4.6 [see also 
(0.8)], when G contains a ball of not too small radius modeled on an infinite 
graph where the heat kernel and volume growth conditions (0.5) (i) and (0.6) 
are fulfilled. Our methods also enable to derive a general lower bound on 
the disconnection time for large G in ^cxt (cf- Theorem 4.3), that is, when 
Ac is "close" to the extreme values in (1.9). Our key tools are Propositions 
3.2 and 2.6. Our convention on constants in this section unless otherwise 
stated is the same as in Section 3; see above Remark 3.1. The definition of 
Qo appears at the beginning of Section 3 and corresponds to graphs G where 
either Xq is "small" or a suitable "pocket" is present. Our main result in 
this section is the following: 

Theorem 4.1 (Transient pocket, 7 > 1). 

(4.1) hm supP,[Tg<|G|2(i-^)]=0. 

\G\~*oo,Gego x&E 

Proof. Choosing e„ = (logn)"^ in (2.5), we see with (3.1) and (3.8) 
that 

(4.2) hm supP.[rG<|G|2a-^)]=0. 

We thus only need consider the case of a large G in ^1 . We use the strategy 
outlined in Proposition 2.6. In the presence of a "transient pocket," that 
is, with 7 > 1, we simply choose M = M' = 1, and Di^i{u) = D{u) = V y. 
{u + [0,v]) C C{u), for n G Z, in the notation of (2.41) and (3.7). So for 
a finite subset S* of £', "5 good for D{u)" is just the same as "5 thin in 
-Di,i(m)(= D{u))." The full strength of Proposition 2.6 will not be needed 
until Section 5. We also denote the image set of X up to time with 

(4.3) 5 = X[o^[|G|2(i-.4)]]. 

Using Propositions 2.6 and 3.2, our claim (4.1) will follow once we show that 



lim sup Px 

\G\^oo,x(^E 



for some u G Z, S* is not thin in D{u), and for all 



(4.4) ^GZ,5]l{i?^<|G|2(i-^)}<ifo 

fe>i 

= 0. 



In order to contain the possible damage created by the few excursions reach- 
ing C, the next lemma will be useful. 
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Lemma 4.2 (7 > 1). For large G in Qi [cf. (3.2) and (3.7) for the no- 
tation], 



(4.5) 



sup 



< 2. 



Proof. Using a variation on Khashminskii's lemma [see also the proof 
of (2.33)], it suffices to show that 



(4.6) 



supi?,[|X[o,T~-i]nC|]<c|y|i/^. 



To this end note that for large G in Qi, when x = {g,w), one has 
E,[\X[o,T~-i]r^G\] 

zee 



< |C|P,.[i?co%,,+rAxz<T~] 



(4.7) 



.n>0 



(3.5),(3.7) 



< \G\h'\G\^/^~'^ +cE: 



Y,HYneV,n<TA} 



.n>0 



''■'f-'^ c|G|^/^|G|^-^(log|G|)3|G|^/«-^+cE((^lAl 
(3.8),(3.10) ^0^^^"^ 

< l + c\V\^/^ + c\V\ 

fc>|y|i/7 

1/ (3.3) ^, 

< l + c|y|i/^ < c\V\^^\ 



which proves (4.6). Our claim (4.5) follows. □ 

We now prove (4.4). Considering uq G Z with \uo\ < and x ^ E, we 
find 



Prr 



S is not thin in D{uo) and ^ < IGp^^-^)} < Kq 



k>l 
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(2.42) 



for some k < Ki 



Oi 



(4.8) 



\^g{X[o,t~ -1] n C(no))| o e~ua > 



M 

2Kn 



or 



with z;= |y| A 



see (3.7). 



When f = |y| < [y], using Lemma 4.2 and the strong Markov at times -R^", 
we find that the above probabihty is smaller than 



P. 



(4.9) 



for some k < Kq, iXtQ _i\ n C{uq)\ o 6~uq > 



\V\ 



2Kn 



(3.3) 



< 2Koe-^/(l^l''^)l^l/(2^o) "<"cexp{-c|G|^'(i-i/^)}. 
On the other hand, when v = [^] ^ |^|) one either has [cf. (3.6)] 
-h'- 



V and h' = [{J\A\\G\~^^^)^^^]<h 



(4.10) (i) \V\ > 



in which case, with a similar argument as above, the right-hand side of (4. 
is smaller than 



2Ko ( exp 



2Ko 
(3.3),(1.9) 



|y|i-i/7 + 



exp 



1^1 



otherwise, one has 



(4.10) 



(ii) 



11^1 > 



V and h' = h. 



in which case we instead use (2.33) (i) of Lemma 2.5 to bound the Z-projection 
that appears in the last line of (4.8); we see that the right-hand side of (4.8) 
is smaller than 



2Ko exp 



2Kn 



|y|l-l/7 



+ exp 



c h 



tG 5Ko 



(2.12) 

< cexp{-c(log|G|)2}. 



Combining the above estimates, we see that for large G in Qi 



sup Px 
xeGx{0} 



for some \u\ < jCp, 5 is not thin in D{u) and for all 
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u 



eZ,J2l{Rt<\G\''^'~'^}<Ko 



k>l 



<c\G\^exp{-c{\og\G\f}. 

Using the fact that for \u\ > S is thin in D(u) and translation invariance 
in the Z-direction, we obtain (4.4). This concludes the proof of Theorem 4.1. 
□ 

The methods employed in the proof of Theorem 4.1 apply as well to the 
case of a large G in Gcxt] see (3.10). 



Theorem 4.3. 
(4.11) 



hrn supP,.[Tg<|G|2{i-^)]=0. 

|G|-»oo,GeWcxt x£E 



Proof. Using (4.2), we see that we can replace Qc^t in (4-11) with 

aext = {G'Ggext;AG>|G|-^/l°}. 

We now employ an analogous strategy as explained below (4.2). We choose 
again M = M' = 1, Di^i{u) = D{u), where, for n G Z, 



(4.12) 



D{u)=V X (u + 



0,\V\A 



where y is a connected subset of G with \V\ = [\G\^^^], and h as in (2.12). 
Note that for large G in Gcxt, ^ ^\V\. Using (3.39), we only need to show. 



with S as in (4.3), 



(4.13) 



lim _ sup Pa; 

|GHoo,GeGext^e£ 



for some n G Z, S" is not thin in D{u) and 
for ah u G Z, ^ 1{RI < \Gf^'^-^^ } < K 



k>l 



0. 



Note that for large G in Qcxt, \uo\ < and x E, one has 



S is not thin in D{uo) and ^ l{i?^« < < K 



k>l 



(2.33) / ( c \V\] r c 1 

< 2i^ exp<^ ^ } + exp<^ , 

V I tG2K} '^\Vt^2K 

<cexp{-c(log|G|)2}, 
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where the constants matter-of-factly only depend on do and 5 (as in Sec- 
tion 2). We can then conclude the proof of Theorem 4.3 as we did below 
(4.10)(ii). □ 

Remark 4.4. (i) ^cxt('^O)'^) contains, on the one hand, large, "one- 
dimensional" finite graphs such as TLjN'L or [0, A'^] (do > 2 and < 5 < ^, 
arbitrary), for which Ac is of order |G|~^ and on the other hand, for do ^ 3, 
< 5 < ^, large expanders (cf. [13]) for which \q is order a positive con- 
stant. 

(ii) As an immediate consequence of Theorems 1.2 and 4.3, we thus see 
that, for do > 2, < 5 < i, e > 0, 

(4.14) hm infP.[|G|2(i-^)<rG<|Gp(log|G|)^+^] = l. 

|G|->oo,Geeoxt{rfo,<5) 

This, of course, immediately implies that (0.9) holds for sequences satisfying 
(1.2) and (0.10). 

We will now describe two applications of Theorem 4.1. The first applica- 
tion concerns the case where, for > 1, 

(4.15) Gat is a rooted r-tree of depth A^, with root denoted by 5*; 

here r > 2 is an integer (and the case r = 2 corresponds to the rooted binary 
tree of depth iV). Clearly, one has \G^\ = 1 + r . . .r^ = r^^^ — 1. We set 
do = r + 1, and write Ejq = Gjy x Z. 

Corollary 4.5 [Under (4.15)]. 

hm inf P,[|G^|2(i-^)<TG^<|G;vP(log|G;v|)'+^] = l 

N—>-oa xgiijv 

(4.16) 

for e,6>0. 

Proof. The upper bound follows from Theorem 1.2. For the lower 
bound without loss of generality, we choose 5 S (0, |). We view Gat as a 
subset, namely, the open ball with center (7* and radius + 1, of Goo the 
infinite r-tree with root (7*. In the notation of (3.2) we pick Af^f and Viv as 
open balls with center g^: 

(4.17) AN = B{g,,N)^VN = B{g„pN) 

(4.18) where pN is an integer such that \Gn\^^^^ > |V/v| > -^\Gn\^^^^- 

r + 1 

Note that the random walks on Gn or on Goo killed when exiting do 
agree. Moreover, with hopefully obvious notation (see also the beginning of 
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Section 1), d{Yk,g^,) under P^°° is distributed as a simple random walk on 
the nonnegative integers reflected at 0, with jump probability "to the right" 
equal to > ^. It thus follows that, for N >1, g An, k>0, 

(4.19) Pf^[Xfc = g,fc<rA^]<Pf-[Xfe = 5]<e-^W^- with MO >0, 

using a comparison with the simple random walk on Z, jumping to the right 
with probability ip^, for the last inequality. In view of Theorem 4.1, the 
claim (4.16) will follow once we show that 



(4.20) 



for large N, Gn ^ Go{ do = r + 1,6,6' = = 



a = supfci°°/^e-'^MM. 

k>l J 

Since |^7v|/|GAr| remains bounded away from 0, it follows that for large 
N either (3.1) or (3.3) holds; see also (1.9). Although we do not explicitly 
need the following fact, it is of interest to remark that with (59) and (60) 
in Chapter 5 of [2], Agjv is of order |G7v|~"^ for large N ([2] discusses the 
spectral gap attached to the discrete time walk, which can be compared 
to Agjv by a bounded multiplicative factor depending on dQ = r + 1). Since 
(5 < ^, in fact, (3.1) does not hold for large N. Clearly, in view of (4.19) and 
the choice of a in (4.20), (3.4) holds as well. As a result, (4.20) and, hence, 
our claim (4.16) will follow once we show that 

(4.21) for large N, (3.5) holds. 

To this end, note first that, for g £ Gn\Aj\[, that is, when d{g,g^:) = N, 

^ [Hv^ o Oi < Ta^ o Oi] < r-^^-P^) . 

Indeed, the walk on Gat and Goo coincide up to the exit time from Ajy, and 
the distance to g^, of the walk on Goo has the law described below (4.19). 
The above bound now follows from the application of the simple Markov 
property and standard estimates for the biased simple random walk on Z 
[note that the ball defining Vn in (4.17) is open]. It thus follows that, for 
T>0, N>1, 

(4.22) sup Pf ~ [Hvj^ <T]< Tr-^^-P^\ 

Then observe that in the notation of (3.6), with (4.17), 

sup /i^r-™i/2-^/s) < z.(r, 5) < oo, 
Ar>l 
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and hence, there is for large N, for any x £ B'^, a probabihty at least p{r, 6) > 
to exit B'j^ before time r^^/'^^^^"'^/^) under P^- It now follows that, for large 
N, and x £ Aj^ x Z, 

P,[Hc, <T~,]< P,[Hc, <T]+ P,[T < T~ ] 

N n 

(4.23) 

< T^~{N~p^) ^ _ p^IT/r'V/^ (1-5/4)] ^ 

for T a positive integer, using (4.22) for the first term in the last line and the 
remark above (4.23). Choosing T = [7.^/7(i-'5/4)+A^(5/i00j^ noting in view 
of (4.18) that pN ~ N5/16, and 1/7(1 - 6 /A) + 5/100 + 6/16 < 6/8 (recall 
7 = 100/5), it follows that for large the expression in the second line of 

(4.23) is smaller than \Gn\^^^~^- This is more than enough to prove (4.21). 
This concludes the proof of (4.16). □ 

We now turn to the second application of Theorem 4.1. We consider an 
infinite connected graph Goo with degree bounded by do > 2, with polyno- 
mial volume growth (0.6) and such that the random walk satisfies the upper 
bound (0.5) (i) [we do not require (0.5) (ii)]. We assume in this section that 

(4.24) a > /3 > 2, 

and in view of (0.5) (i), the walk is transient on Goo- When /? > 2, the walk is 
sub-diffusive [for instance, with (0.5) (i) and (0.6), the expected distance from 
the starting point at time k is uniformly bounded by const k^^^], a feature 
often referred to as anomalous diffusion. For a thorough investigation of such 
walks and examples, we refer to [3], [10] and [11]. 

We now consider a sequence of connected finite graphs G]sf,N > 1, with 
degree bounded by do ^ 2, such that limjv \ Gn \ =00, and for large N, there 
is r^v > 1, and g]y € Gn, such that 

B{gN,riy) C Gat is isomorphic to some open ball of radius ttv in Gqc 

(4.25) 

[i.e., there is a bijection between B{gN,rN) and an open ball of radius r^r in 
Goo, which preserves the degree, and such that pairs of points in B{gN,r^) 
are neighbors if and only if their images in Goo are neighbors], and for a 
suitable rj £ (0, 1), and sequence tpn such that ipn = o(n^), for each e > 0, 

(4.26) |i?(gjv,r7v)| >min(|Gjv|<^fJ^|,A-;/'|Gjvr) for large iV. 



Corollary 4.6. Under the above assumptions, for all 6 > 0,e > 0, 
(4.27) hm inf P,[|G^p(i-'^) < T^^ < |G;vP(log |G;v|)'+^] = 1. 
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Proof. As for Corollary 4.5, only the lower bound on Tg-jy is of concern. 
We choose < 6 < ^ A rj, see (4.26). For the remainder of the proof, all 
constants c may depend on do,S,a, f5, Ki,Ki, i = 1,2 [cf. (0.5), (0.6)], rj. 

We will apply Theorem 4.1, and to this end, choose for large 

AN = B{gN,rN), VN = B{gN,PN) 

(4.28) 

with|G^|^/8>|y^|>-J-|G^|^/8. 

«0 

The claim (4.26) will follow once we show that 
(4.29) for large iV, Gn € Qof do,d,d' = = = ki) . 



16' ' /?' 

Given that 5 < 77, in view of (4.26), (4.25) and (0.5) (i), we only need to prove 
that 

(4.30) for large N, (3.5) holds. 

With (4.26), (0.5)(i) and (0.6), we observe that for g £ Gn with d{g,gN) = 
[^] and T > 1, 

rN 

l<k<T 



9 



sup d{g,Yk) > 

ll<k<T 4 

(4.31) 

^13.1/(13-1) 



./3 \ l/(/3-l) 
N_ 

k 



<cr% exp|-c(^^ 



using (4.24) in the last step. With (4.26), (4.28) and (0.6), we see that, for 
large N (recall rj > 5), 

(4.32) ^ > cIGArr/" > c'|G;v|'/('") > PN, 

o 

and with (3.6), 

h'^ < mg^,r^)\y'\GM-'^'f"' < cr^J'lGM-'^^'^^ 

(4.33) 

where lim/iAi = 00. 

N 

The same argument as for (4.23) shows that, for large N, and x £ AJ^ x Z, 
P,[Hc^<T~, ] 

< RAHcr,<T] + PAT<T~,] 

(4.34) 

''f' cr?,e.,[-c{iy'''') + (1 - c)I-/(-^^l--l--)l 

for T a positive integer. 
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Choosing T = [r^p^\GN\~^/^^^^] and obser ving that < c|G7v| , it fohows that 
for large the last line of (4.34) is smaller than |GAr|~^. This is more than 
enough to show (4.30), and concludes the proof of Corollary 4.6. □ 

Remark 4.7. (i) Corollary 4.6 applies, in particular, when Gat is some 
ball of radius in Goo (with possibly variable center), with Goo as specified 
above Corollary 4.6. 

(ii) One may also obtain (4.27) in situations where Corollary 4.6 does 
not directly apply. For instance, assume that Gn satisfies the assumptions 
of Corollary 4.6 and Gat is a sequence of connected graphs with degree 
bounded by doi such that, for some 7? > 0, and large N , 

(4.35) \Gn\ < |G^r 
and 

(4.36) ^G^>^G^' 
then 

(4.37) (4.27) holds true with Gat = Gat x Gat in place of Gat. 

Indeed, we simply choose ^a^ = An x Gat, Vn = Vn x {xjy}, with xn some 
point in Gat- Using the fact that = min(AG'j^, ^g^); a product formula 
in the spirit of (1.5) to gain control over the random walk on Gat, and 
(4.34), one sees that for S as in the proof of Corollary 4.6 with a suitably 
large enough a, 

(4.38) forlargeA^, Gn e Gol^do + do,S,6' = j^^^^,^ = 

(iii) We can choose Goo to be Z'^ d, > 3, with its usual graph structure, so 
that a = d > (3 = 2; see Remark 1.2 of [10]. We can then apply Corollary 4.6, 
when Gat = (Z/A^Z)'^, iV > 1, and recover Theorems 1.1 and 2.1 of [8], when 
d > 3. The case d = 1 is covered by Remark 4.4(2). The case d = 2 will follow 
from the results in the next section. Periodic boundary conditions play no 
role here, and Corollary 4.6 applies just as well to the case Gat = [0,A^]'^, 
A^> 1; see (4.25) and (4.26). 

(iv) When Gn = [0, [N^]]'^~^ x [0, iV], > 1, with A G (0, oo), d > 3, then 
for large A^, Ag^ A^^^'^'^^) remains bounded and bounded away from zero. 
Choosing ^a^ to be a ball in Gat with radius small multiple of A^'*'^^, and 
suitable center. Corollary 4.6 applies [cf. (4.26)] if d{X A 1) > A V 1, that is, 
when A G i^^d). Further, when d > 4, A > 1, Remark 4.7(2) applies (with 
Gn = [0, A^]), and we see that (4.27) holds true when A > ^. 
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5. Lower bound in the presence of recurrent pockets. We now derive a 
lower bound on the disconnection time of a discrete cylinder that applies to 
cases where G is large and contains a recurrent pocket. This is substantially 
more delicate to handle than the case of transient pockets treated in Sec- 
tion 4. In particular, we make full use of Proposition 2.6 when the notion 
"5 is good in D{u)" [cf. (2.43)] involves a kind of renormalization step. We 
have shown in Proposition 3.2 the rarefaction of excursions between C and 
the complement of B' , taking place before time jCp*-^"''-*, when G is large 
in Qq for arbitrary 7 > |. However, we are unable to extend Theorem 4.1 
to the case ^ < 7 < 1. We need additional assumptions to tame the possible 
recurrence properties of the walk on G. The main result is Theorem 5.2; 
applications are then discussed in Corollary 5.3 and Remark 5.5. 

Assuming ^ < 7 < 1, we now describe the sub-class of Qo (cf. beginning 
of Section 3) consisting of G in Qq such that, when (3.1) does not hold, 

, ^ y in (3.1) is a geodesic segment [i.e., V = {gi;0 < ^ < |^|}, 
^^^^ with d{gi,ge>) = for < ^, £' < \V\], 

for C y, a geodesic segment of length m > 2, and J C Z 
an interval of length [m^/^(logm)~'^/^], 

p.^ , dig,W) dziu,jf/P Y" 

(5.2j Pri:[HwxJ <Taxz\< a' maxll, , 

\ m m J 

for X = {g, u) e E, with d{g, W) = mf {d{g, g');g' G W}, and 
dz{u,J) analogously defined, 

for W, J, m, as above, and g £ W, 

E,[\7Tg{X[o,t ~ , J n (VF X J))|] < aGm(logm)-^ 

(5.3) (AnB(9,mlogm))xZJ 

for X G and when ttz replaces ttq, the right-hand side is 
replaced with agm'^/^ (log m)~^~^/^. 

Our assumptions on the parameters that appear above are 

(5.4) /3>2, /U>0, /i + z^>l, a', aG,az>l. 

We denote with GQ{do,6, (5', 7, /x, z^, (3, a, a', ac, ai) the above defined class (we 
recall that here ^ < 7 < 1). Unless otherwise stated, for the remainder of 
this section c denotes a positive constant possibly depending on the above 
parameters, with a corresponding meaning for the expression "for large G 
in . . . ." 

Remark 5.1. Let us give a word of comment on the above class Qq. 
The parameter /? > 2 has a similar interpretation as in (0.5), with /3 > 2, 
enabling "anomalous diffusion" in the pocket A (and hence, much faster 
displacements of the Z-component than the G-component). The most re- 
strictive assumption is (5.3), with /x > 0. It rules out applications to pockets 
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modeled on a suitable ball in an infinite graph of bounded degree satisfying 
(0.5), when 1 + | > a, which are instances of so-called "very strong recur- 
rence" since (3 > a; see Proposition 3 of Barlow [3]. In Corollary 5.3 we 
consider the recurrent situation /3>a>(l + ^)V(/3 — 1), with (3 >2, and 
can choose u = a — ^ in (5.2), and /x arbitrarily close to 1 in (5.3). The most 
delicate situation arises when a = 1 + ^ . 

Theorem 5.2. 

(5.5) hm ^ sup P,[rG< I G|2(^-^)]=0. 

\G\^oo,G&goxeE 

Proof. We begin with some preparatory remarks. With Theorem 4.3 
[see also (3.10)] our claim follows once we prove (5.5) with Go replaced by 

(5.6) g = {Ge Go; \G\~'/'' >Xg> \G\-''^'-'Hlog \G\)-'}. 

Further, reducing u and V if necessary [cf. (5.2) and (3.3)], we can assume 
that 

S'<^, >|F| >:^|G|^' and < < 1 

10 an 

(5.7) 

with ^ + u > 1 . 

We then choose p{iJ,, u) G (0, 1) so that 
(5.8) /i + /)i/>l. 

For large G in ^, we introduce the integers M,M',L such that 
M= [(log|G|)^], ^\V\<M'^/^L(^/^ <\V\ and 

(5.9) 

M' = [M^/2 (log L)^/2]. 

Recall that F is a geodesic segment [cf. (5.1)] and in the notation of (2.39)- 
(2.41), we define 

Vi = {g{i-i)L,---,9iL}, Jj = [{j - l)L',jL'] 

(5.10) 

with L' = [L^/2(logL)-'3/2]. 

Let us mention that when /3 > 2, the sets Dij = Vi x Jj are thin vertically 
elongated "rectangles" and their union D [see notation below (2.41)] is also a 
thin vertically elongated rectangle contained in the rectangle C, with height 
M'L' comparable to the height of C; see (3.7) and (5.12) below. Using similar 
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V 



C^V X [-\v\,\vw 



L 










































i > 

ML 







D= U Aj 



l<i<Af 
l<j<Af' 



Fig. 3. An illustration of the sets Dij , D and C, when (5.12) holds. 



arguments as for Theorem 4.1 (see, in particular, the end of the proof) our 
claim will follow once we show that 



(5.11) 



lim ^|G|^supP^ 



S is not good in D and 
Y.l{Rk<\Gf^-'^}<K, 

k>l 



with the notation of (4.3), (2.41), (2.43) and (3.11). 

As a last reduction note that in view of (5.6), (5.7), (3.3), (3.6), here 
(^ < 7 < 1), for large G in Q, one has 



(5.12) 



We will now bound the probability that appears in (5.11). On the event 
inside the probability in this display, we can find a subset of {1, . . . ,M} x 
{1,...,M'}, consisting of ordered pairs (i,j) such that S is not thin in 
Z^jj, and either this subset consists of [^] elements having different first 
coordinates, or this subset consists of M' elements having different second 
coordinates; see (2.43). In the first case, we denote with TIq this subset and 
observe that for each (i,i) in Ti^, one has [with the notation below (2.12)] 



(5.13) 



^ \TiG{X^Q,T~]r^Di^,)\oe~^>L/2, or 

l<k<Ko 
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Y: \MX[o,t~] n A,,)l ° > [L^/'(logL)-^/2]/2. 

l<A:<_K'o 

In the second case, we denote with Tii the set of the M elements in the above 
subset having second coor dinate of the form [^'^/^(logL)^/^], for 1 < £ < M, 
so that now (5.13) holds for all S 7ii. 

With a rough counting argument, there are at most 2^'\M'Y^/^ possible 
choices for TIq and M^^ possible choices for Tii. Thus, for large G in ^, with 
(5.9), 



(5.14) 



there are at most exp{c(log |G|)^ loglog |G|} possi- 
ble choices for Ti^ or Tii. 



We will now bound the probability that, for each (i,j) in TIq or "Hi, (5.13) 
happens. To this end, we consider for large G in ^ some TIq as above, and 
the "vertical" or "horizontal" segments of the form 

(5.15) ?7 = M X JfcCljA,^-, W = Vix{u](Z\jD,,j. 

Ho Ho 

One then has for z £ E, with hopefully obvious notation. 



■ Ho 



E.. 



Y,l{Hu<T~,} 



(5.16) < ^P,[TaxZ<^c/<T~]+ E Pz[Hu<T^, 



{i,j)€Ho UCD.j 



n(AxZ)J 



< \C\P,[Ta>,z<Hc<T~] 



UCD, . 



(AxZ)J 



(3.5) , (5.6),(5.7) 

< \C\h'\G\^/^-^ + Q < 1 + Q, 

where Q stands for the expression in the fourth line of (5.16). We now bound 
Q. First note that for G Tio and for x € Dij (playing the role of Xh^^. 
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in the expectation entering Q), one has 



(5.17) 



UCD,, 



.fc>l 



{S{gj^,L log L)n-4)xZ. 



n ° Pk,Pk < T~ 



B'n(AxZ) 



where analogously to (1-12), pk, A; > 1, are the successive return times to Di j 
after leaving (B(giL, LlogL) CiA) x Z. Using (5.2) with m = L, we find that 

P,, [Hd, , < Taxz] < c(log L)-" < \ 

(5.18) 

for x' e {B{giL,LlogLynA) x Z. 
Then using the strong Markov property at times pk, we see that 

UCDij 



(S(9ii, ilogL)nA)xZ. 



\A;>1 / a;GD,,3 

(5.3) 

< 2aGL(logL)-^ 

Coming back to the fourth line of (5.16), we obtain for large G in Q, z £ E, 
7io as above (5.13), 



Q < cL(logL)-^ J2 Pz[HD,,<T^,n 



(i,i)GWo 



(AxZ)J 



(5.19) 



< cL(logL)"^sup Y: < 7^5'n(AxZ)] 

^^<\L{logLr^(l+ <cL(logL)-^Ml-^ 



l<fc<M 



where we used the strong Markov property at time Hd [cf. (2.41)] for the 
first inequality, and the structure of 7io [see above (5.13)] together with the 
fact that y is a geodesic segment, for the second inequality. Coming back 
to (5.16), we see that for large G in G and any TCq as above (5.13), 



(5.20) sup£;^ 



L{*,i)eHo 



1,3 J 



<cL(logL)-^Afi-^ 



A similar bound holds as well with TCi in place of TCq. Indeed, one simply 
needs to replace the sum in the last line of (5.19) with Y^eLi c(£^/2)"(2'')/'^ < 
cM^-"; see (5.2) and below (5.13). 
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We now want to derive similar controls to (5.20) when vr^ replaces ttg. 
With analogous arguments as for (5.17), we see that, for x £ Dij and W as 
in (5.15), 



(5.21) 



< 2 jup ^^[|vrz(X[o,T(s(,^ 
^<^^L^/2(logL)-''-'3/2^ 



i.LlogL)nA)xz] 



Proceeding as in (5.16) and (5.19), we thus obtain 



(5.22) sup^;^ 



E kz(^[o,T~]nA,,)l <cL'3/2(logL)-^-/5/2A^l-^ 

{«,i)eW(, 

and a similar inequality holds with 7ii in place of Tio- 

Using once again a variation on Khasminskii's lemma (cf. (2.46) of 
(5.20) and (5.22) imply that for m = 0, 1, 



(5.23) sup^^ 
and 

(5.24) sup^;^ 



exp< c- 



(i,i)6W: 

(logL)^'+^/2 



<2 



E k^(^[o,T~,]nA,,)l} 



< 2. 



We now return to our main objective, that is, bounding the probability in 
(5.11). We thus see with (5.13), (5.14) and the above controls that, for large 
G&Q and x^E, 



P. 



S is not good in D and ^ l{Rk < < K\ 



k>l 



(5.25) < 2 exp{c(log | G| )'' log log | G\ } 



X sup sup Px 



E E KG(X[o,T~]nA,,) 

.(i,i)ew,n l<k<Ko 



oe~ >- 

Rk - 2 



M 
~2 



+ Px 



E E l^^(^[o,T~,]nA,,)l°^5, 

{i,j)&Hm l<k<Ko 
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M 



(5.23),(5.24) 

< 2exp{c(log|G|rioglog|G|} 



X 2 



Ko 



exp 



exp 



(5.7),(5.9) (5.7)-(5.9) 

< cexp{-c(logL)^Ar} < odCr^) 



[with the last inequahty of (5.7) and (5.9), logL is comparable to log|G|]. 
This shows (5.11) and thus concludes the proof of Theorem 5.2. □ 

We now provide an application of Theorem 5.2 in the spirit of Corol- 
lary 4.6. We consider an infinite connected graph Goo with degree bounded 
by do > 2, satisfying the heat kernel bounds of (0.5) [and hence, (0.6) for 
suitable Hi, i = 1,2], but unlike (4.24), we now assume that 

P '>2, (3 > a > (l + — ^ V (/3 — 1) (and therefore. Goo is recurrent). 



(5.26) 

We refer to Barlow [3] for examples of such Gqo, when /? > 2, the case /? = 2 
being more common. We assume that we have a sequence of finite connected 
graphs Gat, > 1, with degree bounded by do > 2, and lim|GAr| = oo, and 
(4.25) and (4.26) hold. We then have following: 



Corollary 5.3. Under the above assumptions for all 6 > 0, e > 0, 
(5.27) hm inf PA\Gn\^^'-^^ <Tg^ < | G;v I ' (log |G;v !)'+"] = 1- 

Proof. We only need to discuss the lower bound on Tgj^- We choose 
rj; see (4.26). For the remainder of the proof, all constants c may 
depend on do, 6, a, (3, Ki, I < i < 4 [cf. (0.5)] and t]. We choose for large A'' 
[cf. (4.25) and (5.1)] 



(5.28) 



An = B{gj\f,rN) and Vn a geodesic segment initiating at with 



I^aI 



rN 



A\Gn\ 



(5/8 



With similar arguments as for the proof of (4.29), with the only difference 
that in the last expression of (4.31), and in the first term in the last member 
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of (4.34), there is an additional factor T, since (5.26) replaces (4.24), one 
has 

(5.29) for large iV, G^v G (4, 5, 5' = ^ A ^, 7 = ^, o = . 

In view of Theorem 5.2, our claim will thus follow if we can see that we can 
select the remaining parameters /x, i/, a', og, az, so that (5.4) holds and 

(5.30) for large A^, Gn(^Go. 

dcf 

To this end, we consider the walk on Goo x Z = Eao, and its Green function 

(5.31) gooix,x') = J2Px°^[Xk = x'], x,x'£E^. 

k>Q 



Lemma 5.4 (a + 1 > /3 > 2, a > 1). For a suitable c> 1, for any x, x' 

in Eoo, 

^D{x, 2;')~(2°//5-i) < 900(2;, x') < cD{x, a;')-(2«//5-i) with 

(5.32) D{x, x') = max((iG^ {g, g'f^^ |^^' - u| , 1) , 

x = {g,u), x' = {g',u'). 

We refer to the Appendix for the proof of this lemma. Then consider W a 
geodesic segment in Goo of length m > 2, and J an interval of Z with length 
[m^/^(logm)~^/^]. Picking xq = igo,uo) £W x J, with (5.32), one has 



(5.33) mi{goo{x,XQ);x£WxJ}>cm 



-{a- (3/2) 



and it now follows from the fact that gooiXnAHwxj^^o)^''^ > 0, is a martin- 
gale under any , x = {g,u) Eoo, that 



^E^frr / 500(2;, xo) 



P^^[Hwxj< 00] < 



(5.34) 



(5.32) 

< c 



max 



f dig,go) |n-nop/^ 
\ 771 ' m 



-i»-f3/2) 



This readily implies that (5.2) holds for large A^, with an adequate choice 
of a' = 1 V c', with c' as in (5.34) and 

(5.35) v = a — ^. 
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We then continue and check (5.3). Let W,J be as above, and define for 
go £ W, Ugo = {go} x J and 



(5.36) 



goo{z,x) for z G Eao, so that 



30 



(5 32) I"'! 

(5.37) M Ug{z) > c^r(2"//3-i) > 



clogm, 

c|J|2(l-"//5), 



if a = /3, 
if Q < /?. 



On the other hand, for z = {g,u) G W x J we also have with (5.32) 



1 



(5.38) 



1^1 



< 



c 1 +loe 



d{g,go) V 1 



if a = /5, 



A|J|2(i-"//3), ifa</3. 



,(%,5o)Vl)"-/^/2, 
With a similar argument as in (5.34), we find that for z = {g,u) gW x J, 



(5.39) <oo]< 



m 



log m\^^^°^\d{g, go) V 1 

I 7-|2//3 xa-/3/2 

CI .,1-^1 , . ] Al, 



d{g,go) V 1 



if Q = /3, 
if a < /3. 



Note that, for x £ Eoo, 

Sf-[|7rG(X[o,oo)n(VFx J))|] 



(5.40) 



Ei 



E. 



< oo,E^°° 



E HHu,,, < oo} 



(5.39) 

< max 



E 



z=ig,y)ewxj logm 



1 + log 



771 



^^(5,90) V 1 



m 



if a = /?, 



< 



logm 

c- log logm, if a < /3, 



log?n 



using the fact that is a geodesic segment of length m, and the last line of 
(5.39) together with the inequality a > 1 + ^ and | Jp/'^ ~ m/logm, when 
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a < (3 [note that the log log m factor in the last line of (5.40) is only needed 
when a = 1 + This takes care of the first estimate in (5.3). For the second 
estimate, we consider uq £ J, Wuq = Wx {uq} and 

(5.41) Wno(^)= 9oo{z,x) forzG^oo. 

Again with (5.32), we see that 

™ 1 fc, ifa>l + ^, 

(5.42) inf W„,(z)>cE^> ^ 
^^^"0 £=1^ [clogm, ifa = l + ^. 

When z = {g,u) £W X J, we also find 



< 



(5.43) 

C{\U - Uo\ V l)2//3(l+/3/2-a)^ if a > 1 + ^, 

As in (5.39), we find that, for z = {g,u) €W x J, 
Pf-[Wu, <oo] 

(5.44) 

' C(|U - nol V l)2//3(l+/3/2-a)^ if „ > 1 + ^, 



< 



logmV V|n-no|2//3 VI// 2 

A similar computation as in (5.40) shows that, for x £ Eqq, 
Pf-[|7rz(X[o,oo)n(VFx J))|] 

< max y c{\u - nol V l)2//3(i+/3/2-«) 

(5.45) 



< 



cm^/2+(i+/^/2-"), ifa>l + ^, 



.- -^y— ^loglogm, ifQ=l + -. 

(logmjP/^+^ 2 



Combining (5.40) and (5.45), we see that with a suitable choice of ac, az > 1, 
and 

(5.46) fi<l, 
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condition (5.3) holds for large A^. This concludes the proof of (5.30), with 
parameters [cf. (5.35) and (5.46)] that fulfill (5.4). □ 

In the same spirit as Remark 4.7, we have the following: 

Remark 5.5. (i) Corollary 5.3 applies, in particular, when Gn is some 
ball of radius in Goo (with possibly variable center), with Goo as above 
in Corollary 5.3. 

(ii) We can choose Goo to be Z^, with its usual graph structure, cor- 
responding to a = (3 = 2 in (5.26). Corollary 5.3 then applies to the case 
Gn = {'L/N'Lf, N >l. This with Remark 4.7(ii) recovers Theorems 1.1 
and 2.1 of [8], for arbitrary d>l. Of course. Corollary 5.3 applies just as 
weh to G7v = [0,Ar]2, ^> i_ 

(iii) When Gat = [0, [A^^]] x [0, A^], A^ > 1, with A G (0, oo), then for large A^, 
Acjv A^^^'^'^^^ remains bounded and bounded away from zero. Picking as 
a ball with suitable center and radius a small multiple of A^'^^^, we can apply 
Corollary 5.3, as soon as [cf. (4.26) and Remark 4.7(iii)], ^ < A < 2. 

APPENDIX 

We prove here Lemma 5.4. We can clearly replace g{-, •) in (5.32) with 



(A.l) g^{x,x')=Ef 



poo 

/ l{Xt = x'} dt 
Jo 



x^ X G Eqo^ 



since for a suitable constant c > 1, ^ < ^oo/^oo < c. We then use a similar 
representation as in Lemma 3.3. We introduce the continuous (piecewise 
linear) increasing processes 

At= [ deg{Yr)dr, t>0, and 

(A.2) 

Ts = {A-^)s = mi{t>0;At>s}, s > 0, 
and the time changed process 
(A.3) Ys = Y^., 

so that under P^°° , Y. is the continuous time walk on Goo with constant 
jump rate equal to 1, starting at g £ Goo- We also note that with (A.2) and 
(A.3) 

(A.4) Ts= [ deg{Yr)~^dr, s>0. 

Jo 

With similar calculations as in Lemma 3.3, we thus find that, for x = {g,u), 
x' = {g',u') in Eoo, one has 



(A.5) g^{x,x') = Ef-'^E^ 



/ l{Ys = g'}l{Zr^ = u'} deg(y,)-^ ds 
Jo 
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and therefore, for a suitable constant c > 1, 
1 1 ~ 

- < ^ / [Ys = g', q{Ts,u, u')] ds < c 

c goo{x,x') Jo 

(A.6) 

with q{t, u, u') =P^[Zt = u'] . 

We first show the right-hand side inequahty of (5.32). As in (3.21), we denote 
with Nt,t>0, a, Poisson counting process with unit intensity. We set tQ = D, 
with D as in (5.32) and note that with (3.21), P[Nt > 2D] < P[Nto > 2D] < 
ce~'^^ , for t < to 5 so that 

roc ^ 

E^^[Y,=g',q{Ts,u,u')]ds 
< to f ce-^^ + sup P^°° [Yk = g'] sup P^[Z, = u']) 

\ k<2D e<cD J 

+ r ice-'"' + sup p5^- [n = 5'] sup Pl\Z, = u']] dt 

Jto \ t/2<k<2t ct<e<c't J 



(A.7) 



t/2 

< to( ce~^^ + cexp<! -c 



D D 



to 



X exp< — c 



\u - M r 



dt 



Jj2a/I3-1 - Jj2a/I3-1 ' 

using the change of variable t = D^s to bound the last integral. With (A.6), 
this proves the right-hand side inequality of (5.32). To prove the left-hand 
side inequality of (5.32), we note in addition to (3.21) that, for a suitable 
constant c > 1 , 

- < P[Nt = k + l]/P[Nt = k]<c 
(A.8) ' 

for all k G 



,2t 

2 



and t> 1. 



We now write with (0.5) (ii) and a similar bound for the walk on Z: 

(A.6) foo _ 
gocix,x') > c E^°-[Ys = g',q{Ts,u,u')]ds 
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(A. 



~ JcD^ s"//?+l/2 2)2q//3-1 • 



This proves the left-hand side inequahty of (5.32) and concludes the proof 
of Lemma 5.4. 
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